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Abstract The two-scalar covariance budget is significant within the canopy sublayer (CSL)
given its role in modelling scalar flux budgets using higher-order closure principles and in
estimating the segregation ratio for chemically reactive species. Despite its importance, an
explicit expression describing how the two-scalar covariance is modified by inhomogeneity
in the flow statistics and in the vertical variation in scalar emission or uptake rates within the
canopy volume remains elusive even for passive scalars. To progress on a narrower version
of this problem, an analytical solution to the two-scalar covariance budget in the CSL is
proposed for the most idealized flow conditions: a stationary and planar homogeneous flow
inside a uniform and dense canopy with a constant leaf area density distribution. The foliage
emission (or uptake) source strengths are assumed to vary exponentially with depth while the
forest floor emission is represented as a scalar flux. The analytical solution is a superposition
of a homogeneous part that describes how the two-scalar covariance at the canopy top is
transported and dissipated within the canopy volume, and an inhomogeneous part governed
by local production mechanisms of the two-scalar covariance. The homogeneous part is pri-
marily described by the canopy adjustment length scale, and the attenuation coefficients of
the turbulent kinetic energy and the mean velocity. Conditions for which the vertical variation
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174 G. G. Katul et al.

of the two-scalar covariance is controlled by the rapid attenuation in the mean velocity and
turbulent kinetic energy profiles, vis-à-vis the vertical variation of the scalar source strength,
are explicitly established. This model also demonstrates how dissimilarity in the emissions
from the ground, even for the extreme binary case with one scalar turned ‘on’ and the other
scalar turned ‘off’, modifies the vertical variation of the two-scalar covariance within the
CSL. To assess its applicability to field conditions, the analytical model predictions were
compared with observations made at two different forest types—a sparse pine forest at the
Hyytiälä SMEAR II-station (in Finland) and a dense alpine hardwood forest at Lavarone
(in Italy). While the model assumptions do not represent the precise canopy morphology,
attenuation properties of the turbulent kinetic energy and the mean velocity, observed mixing
length, and scalar source attenuation properties for these two forest types, good agreement
was found between measured and modelled two scalar covariances for multiple scalars and
for the triple moments at the Hyytiälä site.

Keywords Canopy sublayer · Canopy turbulence · Hyytiälä SMEAR II-station · Lavarone
field station · Scalar dissimilarity · Scalar transport · Two-scalar covariance budget

1 Introduction

When two scalars are emitted from two distinct sources positioned in the same turbulent flow,

scalar fluctuations are efficiently mixed yet their combined scalar variance (i.e.
(
s′

1 + s′
2

)2)

does not only depend on the sum of the individual scalar fluctuation variances (i.e.
(
s′

1

)2 +
(
s′

2

)2) but also on the covariance between them (i.e. 2s′
1s′

2), where s1 and s2 are concentra-
tions of scalar s emitted from sources 1 and 2, respectively, the overbar represents a time
average, and primed quantities are turbulent excursions from the averaged quantities. It is for
this reason that the so-called two-scalar covariance budget has received significant attention
in engineering and atmospheric dynamics over the last 30 years (Warhaft 1981; Sirivat and
Warhaft 1982). Historically, the research focus in the atmospheric surface layer (ASL) and
in the mixed layer (ML) has been on the covariance budget between air temperature (T )
and water vapour concentration (q) fluctuations, primarily because these two scalars jointly
modify the radio refractive index and other electromagnetic wave propagation properties
(Friehe et al. 1975; Wesely 1976; Wyngaard 1978; Coulman 1980; Sempreviva and Hojstrup
1998; Asanuma et al. 2007; Katul et al. 2008). More recently, the two-scalar covariance
budget has received closer attention in the canopy sublayer (CSL) because (1) higher-order
closure modelling of scalar flux budgets (i.e. turbulent budgets of the form ∂w′s′/∂t = · · · )
are employed in quantifying biosphere-atmosphere exchange, and these models do require
estimates of terms such as (g/T ) T ′s′ (Meyers and Paw 1987; Siqueira and Katul 2002;
Cava et al. 2006; Juang et al. 2006, 2008), and (2) a priori estimates of segregation ratios
= s′

as′
b/(sa sb) are needed when coupling turbulent transport and second-order chemically

reactive scalars emitted within the canopy volume (Gao et al. 1993; Gao and Wesely 1994;
Patton et al. 2001, among others). Here, t is time, g is the gravitational acceleration, w

is the vertical velocity, s is an arbitrary scalar concentration, sa and sb are reactive spe-
cies experiencing second-order chemical interactions, the overbar for within-canopy flows
indicates time and space averaging (Raupach and Shaw 1982), and primed quantities are
turbulent excursions from such space-time averaged quantities. In applications, scalar emis-
sions (or uptake) from the foliage and the ground must be explicitly included in the two-scalar
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An Analytical Model for the Two-Scalar Covariance Budget 175

covariance budget. To date, there is no simplified or explicit expression illustrating how these
scalar emissions (or sinks) from the canopy modify the two-scalar covariance budget, the
subject of this work. A number of studies in forested and urban canopies have provided
phenomenological models or scaling arguments on how variations in scalar sources affect
correlations between two scalars (Roth and Oke 1995; Lamaud and Irvine 2006; Moriwaki
and Kanda 2006; Williams et al. 2007; Thomas et al. 2008) though no vertically explicit
relationship has been presented.

To make progress on this problem, an analytical solution to the two-scalar covariance
budget is proposed for the most idealized conditions in the CSL: a stationary and planar
homogeneous flow inside a uniform and dense canopy with a constant leaf area density dis-
tribution. For this idealized set-up, the physiological source strengths are assumed to decay
exponentially inside the canopy reflecting near-exponential light attenuation and concomitant
linear stomatal responses to below-saturation light levels. Hence, it should be emphasized
here that the proposed analytical solution does not provide finality to this problem but does
provide first-order estimates of the two-scalar covariance magnitude. For notational conve-
nience, it is assumed that one of the scalars is T , while the other is an arbitrary scalar s (e.g. q),
and hereafter, we refer to the two-scalar covariance as T ′s′. Within the analytical framework
proposed here, formulating conditions in which profiles of T ′s′ are primarily controlled by
inhomogeneity in the flow statistics vis-à-vis vertical inhomogeneity by the scalar emissions
from the canopy are presented assuming that the turbulent kinetic energy and mean velocity
also decay exponentially within the canopy.

2 Theory

The budget equation for T ′s′ in a stationary and planar homogeneous high Reynolds number
and Peclet number flows, in the absence of subsidence, reduces to (Stull 1988; Garratt 1992;
Sempreviva and Hojstrup 1998; Juang et al. 2006)

∂T ′s′
∂t

= 0 = −
(

w′s′ ∂T

∂z
+ w′T ′ ∂s

∂z

)

− 2εT s − ∂w′T ′s′
∂z

, (1)

where the first term on the right-hand side is the production term (i.e. term responsible for
co-variances between the two scalars), the second term is the dissipation rate, and the third
term is the turbulent flux-transport term of T ′s′. Using standard closure models for the
dissipation, given by

εT s = Q

λ3
T ′s′, (2)

and the flux-transport term, given by

w′T ′s′ = −Qλ1
∂T ′s′
∂z

, (3)

results in a second-order ordinary differential equation (ODE) for the vertical variations of
T ′s′

λ1 Q
∂2

(
T ′s′

)

∂z∂z
+ ∂ (λ1 Q)

∂z

∂T ′s′
∂z

− 2

λ3
QT ′s′ =

(

w′s′ ∂T

∂z
+ w′T ′ ∂s

∂z

)

, (4)
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where Q =
√

u′
i u

′
i is a turbulent velocity scale related to the availability of turbulent kinetic

energy, λ1 = a1lm and λ3 = a3lm are related to the canonical mixing length lm inside the
canopy, which is assumed constant given by lm = 2β3

u Lc, in a uniform and dense canopy,
with βu = u∗/U defined at the canopy top (z/h = 1), u∗ is the friction velocity, U is the
mean velocity, Lc = (Cda)−1 is the adjustment length, Cd is the foliage drag coefficient,
and a = L AI/h is the mean leaf area density, L AI is the leaf area index, and h is the canopy
height (Finnigan and Belcher 2004; Katul et al. 2006).

For analytical tractability, first-order closure principles are employed only to link the mean
scalar gradients to turbulent fluxes in some of the production terms to yield

∂ T̄

∂z
= −w′T ′

Kt,T
, (5a)

∂ s̄

∂z
= −w′s′

Kt,s
, (5b)

where Kt is the turbulent diffusivity, and for the simplest case when Kt,s = Kt,T , the T ′s′
budget equation reduces to

∂2
(

T ′s′
)

∂z∂z
+ 1

Q

∂ (Q)

∂z

∂T ′s′
∂z

− 2

λ1λ3
T ′s′ = − 2

λ1

(
w′s′ w′T ′

Kt Q

)

= Pd(z), (6)

where Pd(z) is a normalized production term. For chemically non-reactive scalars, the mean
scalar continuity equation for a stationary and planar homogeneous flow in the absence of
subsidence is given by

w′s′(z) = Fs(0) +
z∫

0

Ss(z)dz; w′T ′(z) = FT (0) +
z∫

0

ST (z)dz, (7)

resulting in

∂2
(

T ′s′
)

∂z∂z
+ 1

Q

∂ (Q)

∂z

∂T ′s′
∂z

− 2

λ3λ1
T ′s′

= − 2

KT λ1 Q

⎛

⎝Fs(0)FT (0) + Fs(0)

z∫

0

ST (z)dz + FT (0)

z∫

0

Ss(z)dz

+
z∫

0

Ss(z)dz

z∫

0

ST (z)dz

⎞

⎠ . (8)

This expression shows how the local sources and sinks within the canopy and the ground
fluxes affect Pd and subsequently T ′s′ provided the closure constants a1 and a3 and appro-
priate boundary conditions are specified.

3 Analytical Solution

An analytical solution for the second-order ODE above can be derived for several cases of
Q and S vertical shapes. This is explored below.
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An Analytical Model for the Two-Scalar Covariance Budget 177

3.1 Homogeneous Solution (i.e. Pd = 0)

Assuming Q = Qo exp(βQ(z − h)) and noting that Q−1d Q/dz = βQ results in a homoge-
neous solution of the form:

T ′s′
h(z) =

(
A1 + A2 exp

(
B1

B2
z

))
exp

(
−1

2
z

(
βQ − B1

B2

))
, (9)

where A1 and A2 are integration constants that must be determined from boundary conditions,

B1 =
√

8 + (
βQ B2

)2 and B2 = √
a1a3l2

m . These constants do have physical interpretations,
with B2 being the geometric average of the two mixing lengths responsible for flux transport
and dissipation, which only varies with Lc and βu . However, B1 varies from a near-constant
(= √

8) when βQ → 0 to βQ B2 when βQ is very large. If the boundary conditions imposed
on the homogeneous ODE are T ′s′

H (h) at z/h = 1 and dT ′s′
H /dz = 0 at z/h = 0, then A1

and A2 can be evaluated to yield

T ′s′
H (z)

T ′s′
H (h)

=
√

Qo

Q(z)
�(z), (10a)

�(z) =
B1 cosh

(
B1

2B2
z
)

+ B2βQ sinh
(

B1
2B2

z
)

B1 cosh
(

B1
2B2

h
)

+ B2βQ sinh
(

B1
2B2

h
) . (10b)

Note that, with decreasing z/h (i.e. progressing from canopy top to forest floor), the
homogeneous solution is controlled by the product of two opposing exponential terms—an
increasing (Qo/Q)1/2 that scales as exp((1/2)βQ(h − z)) and a decreasing �(z) that roughly
scales as exp(−(1/2)(B1/B2)(h − z)). Because

B1

2B2
=

√
2

B2
2

+ 1

4
β2

Q >
1

2
βQ, (11)

�(z) always decays faster than any increases in (Qo/Q)1/2 for a decreasing z/h. Hence, the
homogeneous solution suggests that a covariance T ′s′

H (h) produced at the canopy top must
be monotonically attenuated inside the canopy, at least for the boundary conditions specified
here. This attenuation is not surprising as the homogeneous solution physically reflects the
simultaneous effects of transporting and dissipating within the canopy volume the covariance
imposed by the upper boundary condition T ′s′

H (h).

3.2 General Solution

When the mean velocity profile inside the canopy decays as (Inoue 1963; Saito 1964; Cionco
1965; Massman and Weil 1999; Finnigan and Belcher 2004)

U (z) = Uo exp

(
βu

lm
(z − h)

)
= u∗

βu
exp

(
βu

lm
(z − h)

)
, (12)

the turbulent diffusivity must also decay as

Kt = l2
m

∣∣∣∣
∂U

∂z

∣∣∣∣ = lmu∗ exp

(
βu

lm
(z − h)

)
(13)
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when the turbulent Schmidt number (ratio of scalar to momentum turbulent diffusivity) is
unity. Moreover, for exponentially decaying scalar source terms,

Ss = So,s exp (βs(z − h)), (14a)

ST = So,T exp (βT (z − h)), (14b)

the production term becomes

Pd = −2 exp
(−(z − h)(βQ + βu/lm)

)

a1l2
m (βuUo) Qo

(
Fs(0) + So,s

βs
exp (βs(z − h))

)

×
(

FT (0) + So,T

βT
exp (βT (z − h))

)
.

The general solution is T ′s′ = T ′s′
H + T ′s′

p , where T ′s′
P is a particular solution determined

to match this specific production function and the appropriate boundary conditions.
For discussion purposes, three special cases of the normalized production function are

considered:

Case 1 Sos = SoT = 0 and Fs(0) �= 0, FT (0) �= 0:
Here, Pd is entirely due to ground sources and sinks and is given by:

Pd = − 2Fs(0)FT (0)

a1l2
m (βuUo) Qo

exp
(
(z − h)(−βQ − βu/lm)

)
.

For this set-up, Pd exponentially increases with increasing z/h (i.e. becomes less negative
with increasing z).

Case 2 Fs(0) = So,T = 0. All other terms are finite:
Here, the production term is due to ground sources for one scalar and foliage sources (or

sinks) for the other and is given as:

Pd = − 2FT (0)So,s

a1l2
m (βuUo) Qoβs

exp
(
(z − h)(−βQ − βu/lm + βs)

)
.

Depending on the sign of (−βQ − βu/lm + βs), Pd may exponentially increase or decrease
with increasing z/h.

Case 3 Fs(0) = FT (0) = 0. All other terms are finite:
Here, the production term is entirely due to sources and sinks from the foliage and is given

as:

Pd = −
(

2

a1l2
m (βuUo) Qo

So,s

βs

So,T

βT

)
exp

(
(z − h)(−βQ − βu/lm + βT + βs)

)
.

As in case 2, Pd may exponentially increase or decrease with increasing z/h depending on
the sign of (−βQ − βu/lm + βT + βs).

The canonical form of Pd in all three cases is given as:

Pd(z) = −Po exp(γ (z − h)),
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where γ is the attenuation coefficient related to βQ, βu/lm, βT , βs depending on whether
cases 1, 2, or 3 prevail. For this form of Pd(z), the general solution is a superposition of the
particular (= T ′s′

p) and the homogeneous solutions, leading to

T ′s′(z) = 1

γ (γ + βQ) − 2
B2

2

[Pd(z)]

︸ ︷︷ ︸
T ′s′

p

+
[

exp

(
−1

2

(
βQ + B1

B2

)
z

)][
A1 + A2 exp

(
B1

B2
z

)]

︸ ︷︷ ︸
T ′s′

H

, (15)

where, as before, A1 and A2 are integration constants that must be determined from boundary
conditions.

Irrespective of these boundary conditions, the form of the analytical solution above
suggests that Pd(z) (and hence scalar emissions from the soil-canopy system) becomes a
dominant term in controlling the vertical variations of T ′s′ when

∣
∣γ (γ + βQ) − 2/B2

2

∣
∣ << 1.

Conversely, the precise strength and distribution of the scalar emissions within the
soil-canopy system become less relevant when

∣∣γ (γ + βQ)−2/B2
2

∣∣ >> 1. When∣∣γ (γ + βQ)−2/B2
2

∣∣ ∼ 1, both particular and homogeneous solutions significantly contribute
to the overall solution. The three special cases earlier described can be thought of as progres-
sive changes in γ (i.e. becoming less and less negative as we proceed from case 1 to case
3). Hence, these three cases are also used to explore different

∣∣γ (γ + βQ) − 2/B2
2

∣∣ regimes
(while holding the flow statistics βQ and B2 = lm

√
a1a3 constant for a given canopy).

3.3 Closure Constants (a1 and a3)

Since the closure constants should not vary with the presence or absence of vegetation, it is
convenient to determine their numerical value in the well-studied ASL rather than the CSL.
Hence, to determine a1 and a3, the near-neutral ASL is considered assuming that a balance
exists between production and dissipation terms, so that

2

λ3
QT ′s′ = −

(

w′s′ ∂T

∂z
+ w′T ′ ∂s

∂z

)

. (16)

Moreover, for the ASL, ∂T /∂z = T∗/(kv(z − d)) and ∂s/∂z = s∗/(kv(z − d)) resulting in

w′s′ ∂T

∂z
+ w′T ′ ∂s

∂z
= 2u∗

kv(z − d)
(s∗T∗) = 2

λ3
QT ′s′. (17)

Hence, with λ3 = a3kv(z − d), a3 = Q
u∗

T ′s′
s∗T∗ , Q/u∗ = √

A2
u + A2

v + A2
w , where Au =

σu/u∗ ≈ 2.7, Av = σv/u∗ ≈ 2.1, and Aw = σw/u∗ ≈ 1.25.
Also, in the near-neutral ASL,

T ′s′
s∗T∗

= RT s
σT

T∗
σs

s∗
, (18)

where RT s is the correlation coefficient between T and s. The maximum value of the above
quantity occurs when RT s ≈ 1. Moreover, when using the accepted ASL values for σT /T∗ =
σs/s∗ ≈ AT = 1.8 (Sorbjan 1989), a3 = A2

T

√
A2

u + A2
v + A2

w ≈ 1.82 × 3.65 ≈ 11.7. The
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estimation of a1 follows from the standard diffusivity analogy, given as λ1 Q = a1kv(z − d)

Q = kv(z − d)u∗, so that a1 = (A2
u + A2

v + A2
w)−1/2 ≈ 0.27.

4 Results and Discussion

4.1 The Values of βQ and βT

In Fig. 1, profiles of measured U , σu , σw, and u′w′ are shown for a number of published CSL
experiments, including a uniform dense array of rods in a flume, a rice canopy
(that has an approximate constant leaf area density) and a corn canopy, and three forested
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σ
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(a) (b)

(c) (d)

Fig. 1 Sample of canopy sublayer (CSL) experiments (points: field experiments; crosses: flume experiment)
showing profiles of (a) mean velocity U , (b) Reynolds stress (u′w′), (c) σu and (d) σw , across a wide range of
canopies described in Katul et al. (2004). The flow statistics collected at the Lavarone Hardwood forest (grey
diamonds) and at the Hyytiälä pine forest (circles) are separately shown
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Fig. 2 The determination of (a) βQ from the CSL experiments presented in Fig. 1 (βQ = 1.44 for CSL
experiments and βQ ≈ 1.4 for the Lavarone Hardwood forest and the Hyytiälä pine forest), and (b) βT for
the Duke pine forest (points: βT ≈ 2.7), for Lavarone Hardwood forest (grey diamonds: βT ≈ 7) and for
Hyytiälä pine forest (circles: βT ≈ 2.7)

ecosystems (spruce, pine, and hardwood canopies with irregular leaf area density distribu-
tion). Moreover, two other datasets, one for a dense alpine hardwood canopy in the Lavarone
plateau (Italy) and another from a sparser pine forest at Hyytiälä (Finland), are highlighted
with separate symbols (Cava et al. 2006; Launiainen et al. 2007). These two experiments are
shown separately here because they are employed in model-data comparisons for the two-
scalar covariance budgets. For the published CSL experiments, Q(z)/u∗ was computed and
regressed with z/h to yield βQ = 1.4, shown in Fig. 2a. Using regression analysis, βQ ≈ 1.4
was also computed for the Lavarone and the Hyytiälä forest experiments (Fig. 2a). However,
for these two experiments, the approximation Q = Qo exp[βQ(z − h)] is not particularly a
good choice and a model of the form Q = Qo exp[βQ(z − h)] + Q′ is a far superior fit to
these two datasets (coefficient of determination R2 > 0.9). Unfortunately, adopting such a
model prevents simplified analytical treatment because Q−1d Q/dz �= βQ and but is given
as

d Q

Q
= βQ

(
Qo exp[βQ(z − h)]

Q′ + Qo exp[βQ(z − h)]
)

.

The fact that Q−1d Q/dz depends on z prevents an intuitive and simplified analytical treat-
ment.

For the Lavarone and Hyytiälä sites, Q′ is actually comparable to Qo suggesting that
significant ‘background’ (and inactive) turbulent kinetic energy is maintained without being
distorted by the canopy. Hence, when comparing analytical model calculations to measure-
ments, a poorer fit to the Q data cannot be ignored. For the remaining datasets, Q′ is small
and its effect on Q−1d Q/dz can be absorbed in βQ .

The availability of multiple sensible heat flux measurements, when expressed as

FT,n(z) = w′T ′
u∗T∗

= FT,n(0) + �T exp (βT (z − h)), (19)

permits the estimation of βT , where �T is the total sensible heat flux emitted by the veg-
etation only. For illustration, three datasets are considered in Fig. 2b: The Duke pine forest
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(in North Carolina, USA) reported in Siqueira et al. (2000), the Lavarone hardwood forest
experiment reported in Cava et al. (2006), and the Hyytiälä pine forest experiment (unstable
conditions) reported in Launiainen et al. (2007). For the Duke and Hyytiälä datasets shown in
Fig. 2 βT ≈ 2.7. For the Lavarone hardwood forest, βT ≈ 7, which is almost a factor of 2.5
larger. It is clear that with increasing LAI (3.5–9.6), βT also increases by roughly the same
proportion. At the Lavarone site, much of the sensible heat flux is attenuated in the top 1/3 of
the canopy while the remaining sensible heat flux is almost negligible for the remaining 2/3
of the canopy depth. For both pine forest experiments, the sensible heat flux remains finite
even at the forest floor.

The implications of finite versus negligible ground heat fluxes and emissions by the can-
opy are explored using hypothetical cases (1–3). Model calculations for these hypothetical
scenarios form a logical basis to compare against field experiments. Following the discussion
of the hypothetical cases, comparisons with the Hyytiälä data (ensemble profiles) and the
Lavarone data (one level inside the canopy but varying T ′q ′ at z/h = 1 every 30 min) are
presented.

4.2 Model Results

The covariance budget between temperature and water vapour within the canopy is consid-
ered for model illustration. To avoid the difficulty in specifying a Dirichlet-type (or state-
dependent) boundary condition at the ground for T ′q ′, a Neumann type (or flux-dependent)
boundary condition is selected instead. Hence, the boundary conditions imposed on all the
model runs throughout are T ′q ′(h)/T∗q∗ = (AT )2 at z/h = 1 (i.e. the maximum value
anticipated from ASL similarity theory) and dT ′q ′/dz = 0 at z/h = 0. The canopy param-
eters selected here are Cd = 0.2 (typical for terrestrial vegetation), h = 20 m (typical of a
maturing forest), L AI = 5 m2 m−2 (typical of a closed and dense forest canopy), βu = 1/3
(typical for dense vegetation), and βQ = 1.44. Table 1 shows sample values for sensible
and latent heat fluxes used in cases 1–3. Scalar fluxes are displayed throughout in equivalent
energy fluxes of heat and water vapour so that scalar source units can be readily compared.

For case 1 (i.e. both scalars emitted from the ground), Pd exponentially increases with
increasing z/h (i.e. becomes less negative) with no modifications from the scalar source
attenuation coefficients. For this case, γ = −βQ − βu/lm and B2

2 ≈ 3.16 l2
m , resulting in

B2
2γ (γ + βQ) ≈ 0.3 +

(
0.1
Cd

)
h

L AI ≈ 2.3, which suggests that
∣∣B2

2γ (γ + βQ) − 2
∣∣ = 0.3

Table 1 Sample cases illustrating how various combinations of ground fluxes and scalar source attenuation
profiles affect Pd and T ′q ′(z) as discussed in Sect. 3.2

Case q T

Fq (0) So,q βc FT (0) So,T βT

1 100 0 – 100 0 –
2 0 200 0.70 100 0 –
3 0 200 0.70 0 200 0.70
4 0 20 0.07 −100 200 0.70

Here Fs (0) is the forest floor flux of scalar s (either water vapour q or air temperature T ), So,s is the foliage
source or sink of s, and βs is the attenuation coefficient of the scalar flux. All calculations are carried out
assuming u∗ = 0.3 m s−1, Au = 2.7, Av = 2.1, and Aw = 1.25, βu = 1/3, βQ = 1.44, L AI = 5 m2 m−2,

h = 20 m, and Cd = 0.2. Units are W m−2 for sensible and latent heat fluxes
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Fig. 3 Model calculations for case 1: (a) The assumed latent (Lvw′q ′) and sensible (ρC pw′T ′) heat flux

profiles; (b) the modelled normalized production term (Pd ) profile (Eq. 6); (c) the modelled T ′q ′ profiles
using the full solution (solid) and the homogeneous solution (dashed), and (d) the modelled profiles of the
three components of the budget equation ∂T ′q ′/∂t = 0 (Eqs. 1–3) with production in solid, dissipation in
dashed, and flux-transport in dot-dashed. All velocity and length scale variables are normalized by u∗ and
canopy height h, respectively, while all scalars are normalized by their respective surface-layer values (T∗ or
q∗) at the canopy top

is rather small (<< 1), and T ′q ′ ought to be controlled by the particular solution (i.e. Pd )
with the homogeneous solution playing a negligible role. Figure 3 shows that T ′q ′ is, indeed,
governed by Pd and the homogeneous solution does not contribute to the overall solution. In
fact, T ′s′(0) >> T ′s′(h) for this configuration. It should be emphasized here that the flux-
transport term (Eqs. 1–3) plays a significant ‘dissipative’ role in balancing the production
term near the ground (see Fig. 3).

For case 2, when one scalar is emitted at the ground while the other scalar is emitted
from the foliage, Pd becomes less negative near the ground, but

∣∣B2
2γ (γ + βQ) − 2

∣∣ is no
longer small. Hence, the homogeneous solution here becomes a significant contributor to
the overall solution. Figure 4 shows that the homogeneous solution and the full solution both
decay with decreasing z/h (Fig. 4); however, the attenuation of the full solution is slower due
to the contribution of the scalar source, as expected.

For case 3, when both scalar sources are emitted from the foliage with no ground emis-
sions, Pd still exponentially decreases (i.e. becomes less negative) with increasing z/h, but∣∣B2

2γ (γ + βQ)
∣∣ is now much larger than 2. The overall solution is primarily governed by

the homogeneous solution, which decays rapidly inside the canopy. Figure 5 shows that the
effective attenuation of both solutions is comparable. Note that, near the canopy top, the dis-
sipation is larger than the production (opposite to case 1 at z/h = 0), and the flux-transport
balances this ‘excess’ dissipation.

As further analysis, we consider a case 4 where one scalar is absorbed at the ground
and emitted by the canopy while another scalar is emitted by the canopy but with a small
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Fig. 4 Same as Fig. 3 but for case 2
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Fig. 5 Same as Fig. 3 but for case 3
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Fig. 6 Same as Fig. 3 but for case 4

attenuation coefficient as shown in Fig. 6 (quasi-linear decline with decreasing z/h). In this
case, Pd is a combination of all three previous cases and becomes non-monotonic. The solu-
tion for T ′s′, graphically shown in Fig. 6 (but not explicitly listed here), can switch sign within
the canopy volume. For these cases, the departure between the homogeneous and particular
solutions is significantly large, and the scalar source emissions do play a major role in the
vertical variations of T ′s′.

4.3 Comparison with the Hyytiälä Experiment

To assess whether the proposed model describes the main attributes of the T ′s′ variation in
forested ecosystems, qualitative comparisons with measurements reported from the Hyytiälä
Scots pine site (SMEAR II) are discussed next. The experimental set-up and data processing
are all described elsewhere (Launiainen et al. 2007) and are not repeated here. We should note
that the Hyytiälä forest experiment is far from ‘ideal’ for precise model validation because:
(1) much of the LAI (= 3.5 m2 m−2) is clustered in the top part of the canopy thereby making
the leaf area density far from uniform, (2) an approximate linear mixing length in the bottom
20% of the canopy was reported elsewhere (Launiainen et al. 2007), again suggestive that
the constant mixing length assumption cannot be entirely accurate for this set-up (especially
near the forest floor), and (3) the mean velocity profile and Q are not well described by an
exponential model (evident in Fig. 1). Despite the departure between the model assumptions
and the site characteristics here, these data are used because of the availability of (1) detailed
flux profiles for all three scalars (c, q , and T ) where c is the CO2 concentration, (2) two-scalar
covariances for all three scalar combinations (c′T ′, c′q ′, and T ′q ′), and (3) triple moments
for all three scalar combinations (w′T ′c′, w′q ′T ′, and w′c′q ′). Here, unstable atmospheric
stability conditions, as defined in Launiainen et al. (2007), are considered to ensure reliable
measured fluxes above the canopy and sufficiently large (in magnitude) triple moments.
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Fig. 7 Comparison between measured (open circles) and assumed vertical attenuation of (a) w′T ′/(u∗T∗),
(b) w′q ′/(u∗q∗), and (c) the CO2 flux w′c′/u∗c∗, by the canopy. Symbols represent the medians and the
horizontal bars represent the uncertainty (median 25th–median 75th). The height from the forest floor (z) is
normalized by the canopy height (h). The q and c concentrations at the lowest two levels were corrected for
density fluctuations (see Detto and Katul 2007) because they were sampled using an open-path gas analyzer.
All other scalar concentration measurements were sampled with closed-path gas analyzers. The root-mean
square error (RMSE) between observed and modelled values is shown for each panel

Figures 1 and 2 have already presented the profiles of U/u∗ and Q/u∗ for the Hyytiälä
forest. Using regression analysis on these data, it was already shown that βQ = 1.44 when
Q = Qo exp[βQ(z − h)] though this value must be treated with some care given the indirect
influence of Q′ (in Q = Qo exp[βQ(z −h)]+ Q′). When repeating the same analysis for the
mean velocity, the resulting βu = u∗/U = 0.25 and is less than the expected 0.33 for dense
canopies consistent with the fact that βu is usually lower for a sparser canopy (Massman
1997; Poggi et al. 2004). When expressing lm = 2β3

u h/(Cd L AI ), Cd = 0.1 was determined
by matching the Reynolds stress profile for L AI = 3.5 m2 m−2 and h = 15 m. Also, using
the data in Fig. 1, Au = 2.16, Aw = 1.3, and Av = 2.05 taken from elsewhere (Launiainen
et al. 2007) result in Qo = 3.25 (see Fig. 2), a value close to the standard ASL value. For
near-neutral conditions, the data in Launiainen et al. (2007) also suggest that AT = 1.4
(used here), which is less than the 1.8 earlier assumed for ASL flows. When all these con-
stants are taken together, a1 = 0.3, a3 = 6.36, and B2 = √

a1a3l2
m = 2.18, resulting in

B1 =
√

8 + (
βQ B2

)2 = 4.23.
Figure 7 shows the measured attenuation profile of the scalar fluxes and the exponential

fit to them. For heat βT = 2.7 consistent with the Duke Forest pine experiment as earlier
noted (repeated for convenience here), but for water vapour and CO2, βc = βq = 4.5,
much higher than for heat. In a first-order analysis, γ = −βQ − βu/ lm + βT + βs ≈ 5.6
resulting in

∣∣B2
2γ (γ + βQ)

∣∣ >> 2. Hence, far from the ground sources and sinks (i.e. anal-
ogous to case 3), we expect that the homogeneous solution explains the vertical variation
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Fig. 8 Comparison between measured (open circles) and modelled (lines) vertical variation of (a)
T ′c′/(T∗c∗), (b) T ′q ′/(T∗q∗), and (c) the CO2 flux q ′c′/(q∗c∗), by the canopy. Symbols and horizontal
bars are as in Fig. 7. The height from the forest floor (z) is normalized by the canopy height (h). Dashed lines
are for the homogeneous solution (Pd = 0) and solid lines are for the full solution. The q and c concentrations
at the lowest two levels were corrected for density fluctuations (see Detto and Katul 2007) because they were
sampled using an open-path gas analyzer. All other scalar concentration measurements were sampled with
closed-path gas analyzers

of the two-scalar covariances. Near the ground, however, the situation reverses and case 1
becomes prevalent, where Pd becomes the dominant term (all three scalars have finite ground
sources as shown from Fig. 7). Figure 8 compares the measured and modelled profiles of the
two-scalar covariances c′T ′, c′q ′, and T ′q ′, using the homogeneous and non-homogeneous
model solutions. For all three two-scalar covariance budgets, the homogeneous solution is a
significant contributor to the two-scalar covariances near the canopy top. However, near the
forest floor, the ground fluxes (via Pd ) affect the two-scalar covariances. Figure 9 presents the
comparison between measured and modelled (i.e. Eq. 3) triple moments for all three scalars.
The agreement between measured and modelled triple moments is surprisingly good given
all the assumptions made in the derivation and the less than optimum agreement reported in
Fig. 8.

4.4 Comparison with the Lavarone Experiment

While the Hyytiälä experiment discussed model results in terms of ensemble profiles, the
Lavarone experiment is intended to compare how well the model describes variations in T ′s′
deep inside the canopy from observed variations in T ′s′ above the canopy. The experimental
set-up and data processing are described elsewhere (Cava et al. 2006, 2008; Cava and Katul
2008) and are not repeated here. We only note that five sonic anemometers (four inside the
canopy and one above) and two gas analyzers (one above and one near the forest floor)
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Fig. 9 Comparison between measured (open circles) and modelled (solid line) vertical attenuation of (a)
w′T ′c′/(u∗T∗c∗), (b) w′T ′q ′/(u∗T∗q∗), and (c) the CO2 flux w′q ′c′/(u∗q∗c∗), by the canopy. Symbols
and horizontal bars are as in Fig. 7. The height from the forest floor (z) is normalized by the canopy height
(h). The q and c concentrations at the lowest two levels were corrected for density fluctuations (see Detto
and Katul 2007) because they were sampled using an open-path gas analyzer. All other scalar concentration
measurements were sampled with closed-path gas analyzers

were used in this set-up. The analysis was performed on 11 days during daytime conditions
(between 0900 and 1500 local time) resulting in about 140 30-min runs; runs exhibiting clear
non-stationarity were discarded. All the velocity parameters βu , βQ , lm , Qo, Au , Av , and
Aw were determined from the regression on ensemble data shown in Figs. 1 and 2. From
the regression analysis on the mean velocity profile, βu = u∗/Ū = 0.2, which is less than
the expected value for dense canopies (= 0.33). We should note here that the exponential
model does not describe well the mean velocity profile for the Lavarone experiment due
to the clustering of leaves near the canopy top. Hence, no physical significance is attached
to this value of βu . The regression analysis yielded βQ ≈ 1.4 though this value should be
treated with caution given the contributions from Q′. The Au = 2.0, Av = 1.7, Aw = 1.2
(i.e. Qo = 2.9), and AT = 2.3 were all taken from Cava et al. (2008). Five levels of sensible
heat flux measurements were used to determine FT (0), So,T , βT every 30 min. For water
vapour, only two flux measurement levels were available necessitating additional simplifi-
cations to describe the water vapour flux profile. Given that the Lavarone site is dry in the
summer, Fq(0) ≈ 0, and the two eddy-covariance water vapour flux measurements were
used to infer So,q , βq every 30 min but with no redundancy (i.e. the number of parameters to
be determined is identical to the number of measurements and hence the lack of statistical
robustness in the parameter estimation). Using measured T ′q ′ and u∗ above the canopy every
30 min as boundary conditions, the model calculated T ′q ′ at z/h = 0.14 and compared it
with the measured value. Figure 10 shows the comparison between measured and computed
T ′q ′/(T∗q∗) for both the homogeneous solution and the full solution; each point refers to the

123



An Analytical Model for the Two-Scalar Covariance Budget 189

−3 −2 −1 0 1 2 3
−3

−2

−1

0

1

2

3

 <T'q'>
measured

 <
T

'q
'>

m
od

el
 (

z/
h=

0.
14

)

1:1 line 

<T’q’>
measured

 at z/h=0.14

hom sol for T’q’ at z/h=0.14

<T’q’>
measured

 at z/h=1.2
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z/h = 0.14 for both the homogeneous (grey points) and full solution (black stars). For reference, the com-
parison between measured T ′q ′/(T∗q∗) above the canopy top (i.e. the model input) and the modelled values
at z/h = 0.14 is also shown (circles). Each point refers to the ensemble mean value obtained by dividing
the range of T ′q ′/(T∗q∗) variation in interval of 0.05. Dashed line refers to 1:1 line. All q and c concentra-
tions were corrected for density fluctuations (see Detto and Katul 2007) because they were sampled using an
open-path gas analyzer

ensemble mean values obtained by dividing the range of T ′q ′/(T∗q∗) variation in intervals of
0.05. Ensemble means were computed for each interval for two reasons: (1) to obtain robust
statistics in model/data comparisons given the lack of redundancy in So,q , βq , and (2) to
represent the combined space-time averages required by the model via ensemble averages.
The comparison between measured T ′q ′/(T∗q∗) above the canopy top at z/h = 1.2 (i.e. the
model input) and the modelled values at z/h = 0.14 are also shown for reference. From
Fig. 10, the following can be noted:

(1) the correlation between T ′q ′/(T∗q∗) at the canopy top and T ′q ′/(T∗q∗) at z/h = 0.14
is weak;

(2) the homogeneous solution provides no information about T ′q ′/(T∗q∗) at z/h = 0.14
from T ′q ′/(T∗q∗) measured at the canopy top (correlation coefficient R ≈ 0). This result
suggests that T ′q ′/(T∗q∗) at the bottom of the canopy is primarily controlled by scalar
source-sink emissions at the ground consistent with earlier arguments;

(3) the full analytical solution appears to correctly transfer the T ′q ′/(T∗q∗) measured at the
canopy top to T ′q ′/(T∗q∗) at z/h = 0.14 (i.e. data points are clustered around the 1:1
line and R ≈ 0.35). By transfer here, we mean that the analytical solution provides new
information about the variability in T ′q ′/(T∗q∗) at z/h = 0.14 beyond the variability
forced by the boundary condition at z/h = 1. However, the scatter remains large in
the 30-min data-model comparisons. The reason this scatter is not surprising is attrib-
uted to the large uncertainty in the 30-min measurements, the uncertainty in the eddy
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diffusivity used in the model, and the uncertainty in the turbulent kinetic energy attenua-
tion profile. Cava and Katul (2008) already showed that the length scale responsible for
vertical transport in the trunk space of this stand is consistent with vortex shedding from
stems and this length scale is not reflected in lm . Not withstanding all these criticisms,
the analytical model ‘injects’ new information about the variability in T ′q ′/(T∗q∗) near
the ground beyond that provided by the upper boundary condition.

5 Conclusions

The budget equation for the two-scalar covariance (e.g. T ′s′) in a stationary and planar homo-
geneous high Reynolds number flow, in the absence of subsidence, was considered within
the canopy sublayer. When standard closure approximations for the transport and dissipa-
tion terms were employed, along with first-order closure principles for a component of the
production term, a second-order ordinary differential equation (ODE) describing the vertical
variations in T ′s′ was derived. For an exponentially varying turbulent kinetic energy, and for
a constant mixing length, the homogeneous solution of this ODE can be solved analytically.
The homogeneous solution describes how a finite T ′s′ at the canopy top is transported and
dissipated within the canopy volume. The attenuation rate of a specified T ′s′ at z/h = 1,
in the absence of local sources and sinks, was shown to be governed by Lc = (Cda)−1 (the
adjustment length scale), βu = u∗/U (the mean momentum absorption coefficient at the
canopy top), and βQ (linked to the turbulent kinetic energy attenuation coefficient within
the canopy). When modelling the mean scalar concentration gradients arising in the local
production terms using first-order closure principles, and assuming that the scalar source
emissions decay exponentially within the canopy, a general solution describing the vertical
variation of T ′s′ was presented. Within this model framework, it was demonstrated that:

(1) Two regimes emerge—one in which the vertical variation in T ′s′ is primarily dictated by
Lc, βu , and βQ and given by the homogeneous solution (reflecting contributions from
transport and dissipation terms), and a second that is strongly sensitive to the scalar
source-sink emission parameters (due to the local production term). It was shown that
this first regime dominates the T ′s′ solution when

∣∣γ (γ + βQ) − 2/B2
2

∣∣ >> 1, where
B2 = lm

√
a1a3, lm = 2β3

u Lc, γ = (−βQ − βu/ lm + βT + βs), βT and βs are the scalar
source (or sink) attenuation coefficients, and a1 and a3 are closure coefficients that can
be determined from atmospheric surface-layer (ASL) similarity theory.

(2) The vertical variations in T ′s′ need not be monotonic even when the two-scalar source
distributions monotonically decay inside the canopy.

(3) Despite the restrictive assumptions of the analytical model, the model captures the key
patterns of the observed T ′s′ in two very distinct forested ecosystems.

There are a number of generalizations that can be implemented within this model frame-
work—for example, revising the production term to avoid the use of K theory, accounting for
the non-constant dQ/Q, linking the source parameters (e.g. βs) to physiological, radiative,
and canopy aerodynamic parameters, and matching this CSL solution to a recently proposed
ASL solution (Katul et al. 2008) so that modulations from the outer layer can be propagated
down inside the canopy. This latter mechanism was shown to be important for scalar variances
inside the canopy (Cava et al. 2008). These revisions, while they do not affect the homoge-
neous solution, permit direct calculations of how scalar source/sink dissimilarity within the
canopy affect T ′s′ and concomitant processes, such as that represented by the buoyancy term
in the scalar flux budget equation or segregation ratios for certain chemically reactive species.
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Hence, the results here do not provide ‘finality’ to the problem of modelling the two-scalar
covariance inside the canopy. Rather, they are intended to initiate discussions on the role
of canopy processes, whether it be attenuation of the flow statistics or emission patterns in
scalar sources and sinks on T ′s′. Moreover, the framework adopted here can benefit from
high-resolution large-eddy simulation experiments that explore optimum closure schemes
for the flux-transport and dissipative terms in the two-scalar covariance budgets both in the
CSL and ASL.
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