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Estimating global and local scaling exponents in turbulent flows
using discrete wavelet transformations
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High frequency longitudinal velocity (u) measurements were performed in the atmospheric surface
layer to investigate the inertial subrange structure of turbulence. Theu measurements, collected over
a wide range of atmospheric stability conditions, were used to investigate local and global
intermittency buildup in the inertial subrange. Global scaling exponents and other statistical
properties were derived using nondecimated~NDWT! and critically sampled orthonormal~OWT!
wavelet transformations. These statistical measures were contrasted to similar statistical measures
derived by applying NDWT and OWT to an ensemble of fractional Brownian motion (f Bm) time
series with Hurst exponent of 1/3. Such comparisons permit direct assessment as to whether
discrepancies in observed intermittency corrections are artifacts of wavelet transformations or
limitations in sample size. This study demonstrated that both NDWT and OWT were able to resolve
intermittency-based departures from global power laws observed in higher-order structure functions
of turbulence time series. Particularly, global power laws inferred from OWT and NDWT were
consistent with new intermittency correction results derived from the dynamics of the fourth order
structure functions. This study is the first to report on the ensemble behavior of such a power law
for a wide range of surface boundary conditions~e.g., variable surface heating and friction velocity!.
The wavelet computed global intermittency departures from the classical Kolmogorov theory~or
K41! were marginally smaller than those computed by the traditional structure function approach.
In terms of local exponents, we found that the application of NDWT tof Bm time series resulted in
a wide empirical frequency distribution of local scaling exponents (a). The latter finding clearly
demonstrates that previous and presenta determined by wavelet analysis cannot be used as
evidence for multifractality in turbulence. We also demonstrated that the classical local regression
estimation ofa is theoretically impaired byheteroscedascitywhen the local scale is finite. While the
spread ina does not reflect any multifractal signatures, the modes of the locala frequency
distribution support findings from global exponent analysis. We found that the modes of the local
a distribution are well reproduced by global intermittency models foru and byK41 for the f Bm.
© 2001 American Institute of Physics.@DOI: 10.1063/1.1324706#
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I. INTRODUCTION

Arguments that turbulence is not exactly self-similar, e
hibits multifractal behavior, and possesses a distribution
local scaling exponents, were based on global statist
properties such as higher-order structure functions.1,2 Be-
cause of their ability to isolate dynamics in space a
scale,3–6 several research efforts were dedicated to us
continuous wavelet transformations~CWT! to estimate these
local scaling exponents.2,7 In particular, Bacryet al.8 were
the first to report local scaling exponent distributions of t
bulent velocity calculated via CWT. Their results sugg
that CWT can be used to estimate local scaling expon

a!Author to whom correspondence should be addressed; electronic
gaby@duke.edu
2411070-6631/2001/13(1)/241/10/$18.00
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characterizing the multifractal behavior of velocity fluctu
tions without resorting to measures of turbulent kinetic e
ergy dissipation. Additionally, their wind-tunnel measur
ments demonstrated that the mode of the local sca
exponent distribution is consistent with the Kolmogoro9

~hereafter referred to asK41! 1/3 value. Also, the shape o
the exponent-distribution appears to support the multifra
model of Parisi–Frisch.10 The main conclusions in Bacry
et al.8 and others11,12 suggest the potential usefulness
CWT in understanding the local structure of turbulenc
However, when CWT was applied to a fractional Browni
motion f Bm time series exhibiting the same power spectru
as the turbulence time series, the local exponent probab
density functions were similar. This consistency betwe
f Bm and turbulence local exponent distribution was also
il:
© 2001 American Institute of Physics

o AIP copyright, see http://ojps.aip.org/phf/phfcpyrts.html.
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ported in Vergassolaet al.7 Some qualitative features, suc
as intensification of pitchfork patterns in the squared am
tudes ofu vis-a-vis f Bmwere noted by Bacryet al.;8 how-
ever, the CWT could not quantitatively discern fundamen
differences in local scaling exponent distributions betwe
f Bm and longitudinal velocity fluctuations (u). This led
Vergassolaet al.7 to argue that the similarity in local expo
nent histograms ofu and f Bm must be spurious and cau
tioned against the connection between a singularity spect
of a multifractal process and the histogram of local exp
nents. The important role of local and global scaling exp
nents in developing a coherent theoretical framework for
ertial subrange turbulence13–15 motivated us to further
explore their estimation via wavelet transformations. Parti
larly, our objective is to evaluate whether an alternat
wavelet-based approach, nondecimated wavelet transfo
or NDWT, can delineate significant differences in scali
exponents betweenu and (f Bm) time series. In fact, othe
researchers who utilized critically sampled orthogonal wa
let transformations~OWT! argued that the redundancy
CWT may well distort wavelet coefficients to the extent th
dynamic properties of inertial subrange turbulence
masked rather than revealed.16–19 However, the traditional
multiresolution format of OWT precludes detailed investig
tion of local scaling exponents at multiple time locatio
because of their limited resolution at coarse-grained sca
Because of these limitations in CWT and OWT, we propo
an alternative wavelet-based approach to the determina
of local and global scaling exponents, particularly, NDW
The NDWT retains the desirable CWT redundancy in tim
but eliminates the redundancy in the scale domain. To d
NDWT have not been widely applied in turbulence resea
despite some of their potential advantages over CWT
OWT. Finally, while the usefulness of wavelet transform
tions to determine power laws has been realized in tur
lence research,7,11,20–29detailed power-law comparisons b
tween these methods and structure function approaches
rarely been performed on the same data sets. Such a
parison, also presented here, is used to explore differe
between NDWT- and OWT-derived global exponents a
traditional structure function approaches.

II. THEORY

In this section,K41 theory, properties off Bm, and the
selection of the analyzing wavelet are reviewed. Appendix
provides an overview of NDWT and OWT.

A. K41 scaling

A property of the turbulent velocity differences (u(x
1r )2u(x)) between two points separated by a distancr
within the inertial subrange, for ordern.1, is given by

^@u~x1r !2u~x!#n&5Cn^e&n/3r n/3, ~1!

where Cn are similarity constants~except forC3) and ^.&
denotes averaging. The turbulent kinetic energy dissipa
ratee is given by

e5n^si j si j &,
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where n is the fluid kinematic viscosity,si j 51/2(]ui /]xj

1]uj /]xi) is the strain rate tensor,u1 ~or u) is the turbulent
longitudinal velocity component,u2 ~or v) is the turbulent
lateral velocity component, andu3 ~or w) is the turbulent
vertical velocity component, witĥ ui&50; xi (x15x,x2

5y,x35z) are the longitudinal, lateral, and vertical dire
tions, respectively.

The aboveK41 scaling laws hold forh,r ,Lu , where
h5(n3/^e&)1/4 is the Kolmogorov dissipation length sca
andLu is the integral length scale defined as

Lu5
1

su
2E

0

`

^u~x!u~x1r !&dr,

for a stationaryu.

B. Overview of fractional Brownian motion statistical
properties

Energy cascades generated from solutions of
Navier–Stokes equations or simplifications to them~e.g.,
Shell models! are often contrasted with cascades genera
by strictly self similar processes, such as fractional Brown
motion (f Bm). Such comparisons highlight the role of mu
tifractal properties of turbulence7,12,30 on many wavelet sta-
tistical measures. Thef Bm is a Gaussian, zero-mean, co
tinuous, nonstationary process, indexed by the parameteH
~Hurst exponent, 0,H,1) such that

BH~0!50, and BH~ t1r !2BH~ t !;N~0,sH
2 ur u2H!,

where

sH
2 5G~122H !

cospH

pH
,

andG(x)5*0
`tx21e2tdt is the Gamma function.21,31–33

From its definition, the sample paths off Bm satisfy the

scaling equationBH(at)5
d

aHBH(t), and

^uBH~ t1r !2BH~ t !un&5Cf Bm•ur unH, ~2!

where theCf Bm is

sH
2

2n/2GS n11

2 D
GS 1

2D ,

and where5
d

denotesequal in distribution.
The Fourier transformation of~2! is proportional to

1/uvun(H11/2) with an average power spectrum proportion
to 1/uvu2H11. For H51/3 all K41 global power laws are
theoretically satisfied for anyn. It is for this reason that an
f Bm time series withH51/3 is often referred to as aGauss-
ian Kolmogorovsignal.7

C. Selection of wavelets

In wavelet transformations, the choice of the analyzi
wavelet is not unique. Due to its wide usage in turbulen
research,34 and its suitability to this problem, we selected th
o AIP copyright, see http://ojps.aip.org/phf/phfcpyrts.html.
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Haar wavelet, whose definition and properties are given
Appendix A. The Haar wavelet is antisymmetric so that s
tistical measures sensitive to vortex stretching can be w
captured via its wavelet coefficients. In addition, the Ha
wavelet is the most local of all wavelets in the time doma
making it suitable for resolving high intermittency levels
the signals. A discussion on the influence of the wave
basis choice is also presented.

III. EXPERIMENT

Time series measurements were collected over a gr
covered forest clearing at Duke Forest near Durham, No
Carolina. In this data set, 56 Hz velocity, and virtual pote
tial temperature were collected on June 12–16 at 5.2
above the grass surface using a GILL triaxial sonic anem
eter. Sonic anemometers measure velocity by sensing
effect of wind on transit times of sound pulses traveling
opposite directions across a known instrument distancedsl

5(0.149 m in this study!. The measurements were subs
quently divided into 19.5 min intervals to produceN
565 536 time measurement per run. Our choice of 19.5
intervals is to ensure stationary conditions within a run. H
we focus on an ensemble of 103 runs collected over a w
range of atmospheric stability conditions ranging from n
convective to stable atmospheric flows. In these runs,
friction velocity u* varied from 0.04 to 0.47 m s21, and the
sensible heat flux varied from248 to 369 W m22. In short,
the ensemble size exceeds 6.753106 time measurement~but
the analysis is conducted on individual runs prior to e
semble averaging!. Since instrument averaging occurs f
separation distances smaller thandsl , we restrict the expo-
nent and other statistical measure calculations tor .dsl .
Further details about the experimental setup, atmosph
conditions, inertial subrange identification, and instrumen
tion details can be found elsewhere.35 In order to perform
comparisons with a simulatedf Bm time series, each velocity
run was normalized to zero-mean and unit variance.

IV. RESULTS

In this section, we consider global scaling exponents
rived from structure functions, OWT, and NDWT and co
trast our findings from these three global exponent estim
methods with established global intermittency models.
then utilize NDWT to estimate local scaling exponent dis
butions for bothu and f Bm and discuss whether NDWT ca
discern fundamental differences between cascades gene
from Navier–Stokes turbulence and synthetic~or nonphysi-
cal! random processes.

A. Determination of global exponents

The global scaling exponents can be readily determi
from the coefficients of NDWT or OWT using

^uNDWTu~a,• !un&5Cbab,

whereb525/2•zn is the global exponent,Cb are constants
related to theK41 similarity constants (Cn) and^e&, and^.&
is averaging across location for each scalea. Upon regress-
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ing loĝ uNDWTu(a,•)un& on log(a) for scalesa within the
inertial subrange,b can be estimated for alln.

To assess how well NDWT and OWT reproduce inte
mittency corrections, consider again the generalnth order
structure function given by

^uu~x1r !2u~x!un&}r zn, ~3!

wherezn is one of the models in Table I.
Figure 1 displayszn computed from the structure func

tion approach and from NDWT and OWT for bothu and
f Bm. The f Bm calculation, mainly used as a diagnostic f
assessing limited sample size and run-to-run variability
discussed next. Estimating thef Bm zn from the mean~or
median! of the nth order structure function recoversK41
well except whenn is large~exceeds 6). In fact, the structur
function estimatedzn for the f Bm ensemble exhibits a spu
rious zn that resembles a lognormal model withm50.04
~interestingly, consistent with the reported uncertainty form
from many turbulence experiments36!. Additionally, the run-
to-run global exponent variability in the structure functio
approach is much larger than say the OWT or NDWT me
ods. In short, the analysis on thef Bm time series ensemble
demonstrates that global exponents determined from O
and NDWT are much more reliable and consistent from r
to-run when compared with their structure function count
part. We emphasize here that the magnitude of the error
is sensitive to the sample size, and perhaps, the turbule
conditions. However, the relative difference in error-b
magnitudes amongst methods indicates their robustnes
determining scaling exponents.

For the u ensemble, the run-to-run variability inzn is
much larger~and skewed! for the structure function method
when compared to OWT and NDWT. Some of this spurio
behavior can be partially corrected via the so calledextended
self-similarity ~ESS! approach,37 in which the third order
structure function is used as a normalizing measure.

TABLE I. Selected models forzn : K41, K62 with intermittency exponent
m, monofractalb model with fractal dimensionD, bifractal model, multi-
fractal model with generalized dimensionD(h), She–Le´vêque vortex fila-
ment model, and the Log-Stable model with parameterl ~related to helic-
ity!.

Model zn formulation Parameters

K41a n
3

K62b n
31

m
18(3n2n2) m

Monofractalbc n
31(32D)(12

n
3) D

Bifractalc H n
3, n<3

n
3~32D!~12

n
3!, n.3

D

Multifractalc infh@nh132D(h)# D(h)

She–Lévêqued n
91222(

2
3)n/3

Log-Stablee
n
3112 log2@l

n/31(22l)n/3# l

aReference 9.
bReference 47.
cReference 2.
dReference 48.
eReference 38.
o AIP copyright, see http://ojps.aip.org/phf/phfcpyrts.html.
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FIG. 1. Determination ofzn for n
51,2, . . . ,10 using structure functions
~top panels!, OWT ~middle panels!,
and NDWT ~lower panels!. The left
column is for theu ensemble and the
right column is for thef Bm ensemble.
The vertical lines bound the minimum
and maximum global exponents from
all 103 runs, and the bars represent t
25% and 75% percentiles. The mea
and median of the global exponent dis
tributions are also shown~horizontal
lines within the percentile bar!. For
reference, K41~solid!, K62 with m
50.1 ~Ref. 40! andm50.25 ~dashed!,
and the She–Le´vêque ~dot-dashed!
models are shown.
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For clarity, a detailed comparison between thezn for u
as determined by the three methods is displayed in Fig
along with reported measurements, simulations, and sele
zn models. It is clear that previous data sets estimate azn

bounded by the She–Le´vêque model andK62 with m
50.25 except for the Van Atta and Chen experiment. T
latter experiment suffers from limited sample size,2 espe-
cially for largen. Our zn estimated from NDWT coefficients
is much more consistent withK62 with m50.10. Our large
zn relative to previous data sets cannot be attributed t
small sample size because such limitation usually leads
reduction inzn , not an increase. What is different about th
experiment is that for each run the sampledu spectrum in-
cludes production and inertial scales, while other exp
ments spectrally sampleu within the inertial and viscous
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dissipation regimes. The direct numerical simulation
ported in Sreenivasan and Dhruva14 is somewhat analogou
to previous experiments because the resolved spectru
predominantly inertial and dissipation. Similar stateme
can be made about the Shell Model38 in its emphasis on
cascades and dissipation~see also Ref. 39!. To highlight why
the inertial region, bounded by turbulent production end,
fers different insights about intermittency behaviorvis-a-vis
inertial dissipation studies, we consider the recent theoret
work of Hayot and Jayaprakash.40 It was noted by Hayot and
Jayaprakash40 that the refined similarity hypothesis of Ko
mogorov, with

Ce~x,r !5^e~x1r !e~x!&5^e&2S r

Lu
D 2m

,

o AIP copyright, see http://ojps.aip.org/phf/phfcpyrts.html.
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FIG. 2. ~a! Determination ofzn for n
51,2, . . . ,10 foru using medians of
the structure function~SFN! expo-
nents, OWT, and NDWT. The data
sets reported from other experimen
include: boundary layer measuremen
from Meneveauet al. ~Ref. 45!, Van
Atta and Chen~Ref. 49!, and Benzi
et al. ~Ref. 37!. Measurements from
Anselmetet al. ~Ref. 50! closely fol-
low Meneveau et al. and are not
shown. ~b! Same as~a! but with the
three intermittency models in Fig. 1
shown as lines. Simulational runs, e.g
direct numerical simulations of isotro
pic turbulence from Sreenivasan an
Dhruva ~Ref. 14!, and GOY Shell
Model ~Ref. 38! are also shown. For
reference, we repeatK62 with m
50.1 ~Ref. 40! andm50.25~Ref. 36!,
the She–Le´vêque model, and the Log-
Stable model withl51.33 estimated
by us for this data set. For clarity, the
NDWT-calculatedzn is also repeated.
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leads to two intermittency exponents:m1522z6 and m2

.2z22z4 . These twom formulations were derived, in the
equal time limit, from the Navier–Stokes equations for
cally homogeneous and isotropic turbulence and from
one-dimensional stochastic Burgers equation.40 The m2 term
arises because a Galilean noninvariant term, known to c
tain sweeping effects, is significant in the formal equation
Ce(x,r ,t). In fact, these twom models have already bee
recognized in earlier intermittency treatments.41 Based on
published experimental values forz2 , z4 , andz6 , Hayot and
Jayaprakash estimatem150.25 andm250.1. As evidenced
from Fig. 2, the NDWT estimatedzn is much more consis
tent with m250.1 thanm150.25. Hayot and Jayaprakas
demonstrated that whenr !Lu , m1 predominantly influences
zn . While clear spectral signatures of the inertial subran
are evident in our experiments, the onset of the inertial sc
~even for largen! are one order of magnitude smaller th
Lu . It is likely that sweeping effects and other argume
leading tom2 are more appropriate thanm1 when theu time
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-
e

n-
r

e
le

s

series runs are spectrally sampled in the production and
ertial scales40 ~vis-a-vis inertial and viscous dissipation
scales!. The relative importance of sweeping effects on t
inertial subrange structure for a similar data set, collected
us at this site, is reported elsewhere.42 In the latter experi-
ment and others~e.g., Ref. 43!, it was demonstrated tha
sweeping effects on higher-order statistics diminish with
creasingr within the inertial subrange. The fact that swee
ing effects are significant for larger but negligible for
smaller r within the inertial subrange serves to explain t
contrasting m250.1 in this study andm150.25 for the
inertial-viscous data sets. Other atmospheric surface la
studies hinted at potential differences inm estimates depend
ing on whether the production-inertial region or the inerti
dissipation region are used in them calculations. For ex-
ample, Chambers and Antonia44 found thatm50.15 andm
50.25 best fit their inertial subrange measurements inter
ing the production and dissipation ends, respectively. T
latter m is identical to theacceptedvalue from many other
o AIP copyright, see http://ojps.aip.org/phf/phfcpyrts.html.
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laboratory studies.36 It is difficult to generalize the experi
mental findings of Chambers and Antonia given their limit
number of runs (4 runs compared to 103 in this study! and
their use of structure function calculations. However,
trends in theirm are consistent with the lowm from our
experiment and the largerm from previous experiments.

We restate here that it is not our intent to investigate
accuracy ofK62 or other intermittency models ofzn but
rather to highlight potential differences between previous
perimental findings and the present experiment in light of
Hayot–Jayaprakash study. Consequences for otherzn mod-
els, such as the Log-Stable model, are equally applica
For example, the Log-Stable model reproduces well
NDWT estimatedzn for a l51.33 ~at least forn<10). For
reference, the value ofl, a parameter related to helicity
must be 1.0 to recoverK41. For matching the data set o
Meneveauet al.45 by the Log-Stable model,l51.42, some-
what larger than our 1.33. Thesel differences may again b
attributed to the relative importance of sweeping effects
inertial subrange statistics.

Finally, in order to verify that our results are not sen
tive to the choice of the wavelet basis, we repeated the en
analysis for the 103 runs using a library of compactly su
ported orthonormal wavelets. This analysis demonstra
that the effect of the basis function is minor as evidenced
Fig. 3.

B. Determination of local exponents

A motivation for using CWT or NDWT is in their ability
to estimate local scaling exponents. The local scaling ex
nents can be estimated from NDWT using local regula
results.6 At locations whereu has a Lipschitz regularity3 a,
the localized energy (CWTu(a,b))2 behaves asa2a11, for

FIG. 3. Determination ofzn for n51,2,. . . ,10 for all 103u runs using a
library of OWT. For reference, the three global intermittency models forzn

in Fig. 1 are repeated.
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scalea within the inertial subrange. Hence,a at positionb
may be estimated from the local energy spectrum as
cussed in Ref. 28. To illustrate the traditional estimation
a, consider 36.57 s~indexed from 1 to 2048) of a normal
ized u time series measurement~normalized to zero mean
and unit variance! in concert with their (NDWTu(a,b))2.
We estimateda in the vicinity of large and smallu time
gradients~Fig. 4! by regressing log2(@NDWTu(a,b)#2) on
log2a. Figure 4 suggests that negative exponents can occ
regions experiencing rapid transients inu, consistent with
Bacry et al. The quiescent periods approximately follo
K41 as evidenced by the local wavelet spectra shown
panel~d!. Hence, it may be expected that a largea coincides
with large excursions inu, but most of thea ’s to be concen-
trated in the neighborhood of the globalzn . This local re-
gression estimation method suffers from several theoret
limitations for finitea and we assess them later in this se
tion. Nonetheless, using such a local regression method
estimateda for the entireu and f Bm 103 runs~each of
sample sizeN565 536) and present the ensemble frequen
distributions of the 6,750,208a in Fig. 5 for u and f Bm and
for n51 in panel~a! along with Bacryet al.’s reported fre-
quency distribution~digitized by us!, n52 in panel~b! and

FIG. 4. ~a! A sample of measured time series~36.57 s! of normalizedu
indexed from 1 to 2048. The vertical dashed lines~indices 180–200 and
1300–1320! indicate regions for which the local spectra are displayed.~b!
The NDWT squared amplitudes in the wavelet halfplane of the time se
in ~a!. Light colors represent large squared amplitudes~or large energy
content!. ~c! The ensemble of local energy spectra for indices 180 to 200
the time series in~a!. ~d! Same as~c! but for indices 1300 to 1320. In panel
~c! and ~d!, the solid line isK41 power law forn52.
o AIP copyright, see http://ojps.aip.org/phf/phfcpyrts.html.
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FIG. 5. The frequency distribution~or
pd f) of the local exponenta for n
51 ~panel a!, n52 ~panel b!, and n
510 ~panel c!. In all three panels, the
solid line and dashed lines are foru
and f Bm, respectively. For reference
Bacry et al. only reported frequency
distribution for n51, are shown. To
illustrate the decay at the tails,
Gaussianpd f ~dot-dashed line! is also
shown.
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n510 in panel~c!. Bacryet al.’s local exponent is displayed
to simply illustrate the limited frequency distribution tai
considered in their study relative to our surface layer m
surements. It appears that bothu and f Bm time series exhibit
a wide distribution of local exponents. Hence, such f
quency exponent analysis can not be used as proof of m
fractality as was done by Bacryet al. since thef Bm is theo-
retically not multifractal. Vergassolaet al.7 suggest that the
large and spuriousa distribution for bothf Bm andu may be
due to the noise created upon regress
log2(@CWTu(a,b)#2) on log2 a.

To further investigate this point, we repeated thea fre-
quency distribution analysis using two independe
regression-noise suppression methods: selecting onlya val-
ues for which the regression correlation coefficient excee
Downloaded 28 Jan 2001  to 152.16.58.146.  Redistribution subject t
-

-
ti-

g

t

d

0.98, and selectinga values for which a dimensionless me
sure of linearity exceed 0.98. The linearity measure is
fined as the inverse ratio of the sum of all distances conn
ing a sequence of coordinate points to the distance betw
the two farthest points~farthest on the abscissa or log(a)
axis!. We found that the latter measure does not exclu
near-zeroa values as the correlation coefficient measure
herently does~near-zeroa are associated with small correla
tion coefficients!. The spread reduction ina distribution was
minimally affected upon conditioning on either of these tw
methods, particularly for thef Bm runs. That is, such a
spread ina cannot be an artifact of the weak linearity b
tween loguNDWT(a,b)un and loga.

In Appendix B, we demonstrate that regressi
loguNDWT(a,b)un on loga leads to a theoretical error term
o AIP copyright, see http://ojps.aip.org/phf/phfcpyrts.html.
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FIG. 6. The NDWT local exponent
(a) probability density functions. Top
panels are foru and bottom panels are
for the f Bm ensemble. The left panels
show thepd f(a) for n51,2, . . . ,10,
with n51 being the smallest and the
remainingpd f s are shifted by one de-
cade sequentially. The right panels a
derived from the left panels by averag
ing all 103pdfs at eachn and are dis-
played for clarity. The solid line rep-
resentsK41, which describes well the
f Bm pd f modes, and the dashed an
dot-dashed lines represent the tw
K62 zn models.
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that is scale dependent. The conclusion from Appendix B
that when the scalea increases, local regularity results b
come inaccurate and the magnitude of the error term
creases with scale. In short, determininga from such regres-
sion analysis is theoretically impaired by heteroscedascit
an error term.

To assess the sensitivity of all thea calculations to the
range of scales defining the inertial subrange, several ine
scale subranges were considered. We found that the
squares estimator of the slope remains stable even if the
ertial subrange scale limits were perturbed by 50%.

Here, we propose an alternative application of thea fre-
quency distribution that is useful in estimatingzn . This al-
ternative application stems from the fact that even when
noise is heteroscedastic, its ensemble average is zero. In
6, the modes of the locala frequency distribution forn
51,2,. . . ,10 are well reproduced byK62 with m50.1 for u
and by K41 for the f Bm consistent with the global expo
nents. That is, the most probable exponent~for a wide range
Downloaded 28 Jan 2001  to 152.16.58.146.  Redistribution subject t
is

-

of

ial
ast
in-

e
ig.

of runs! calculated by NDWT is nearly identical to the glob
exponent. In short, local exponent analysis may be use
support global exponent calculations. However, any inf
ence about the distributions ofa may be compromised by
the heteroscedastic noise.

V. CONCLUSION

Using an ensemble of longitudinal velocity measu
ments, collected over a wide range of friction velocity a
surface heating conditions, we demonstrated the followin

~i! Orthonormal and nondecimated wavelet transform
tion provide more robust global exponent estimato
when compared to their structure function count
part, particularly for higher-ordern. When contrasting
discrete wavelet transforms with structure functi
approaches, we note that the wavelet transforma
has an adaptive scale smoothing kernel~as evidenced
from the Fourier transformations of decomposi
o AIP copyright, see http://ojps.aip.org/phf/phfcpyrts.html.
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wavelets!. This smoothing is not generally conducte
when structure functions are employed. Hence, it
not surprising that global slopes determined fro
wavelets are less influenced by local scale scatter
explain the difference between the two wavelet me
ods, recall that NDWT does not decimate, there
retaining at each scale a number of coefficients id
tical to the length of the input time series. Henc
averaging across coefficients at each scale is m
stable when NDWT is contrasted with criticall
sampled OWT. In short, the combination of smoo
ing in the scale domain and redundancy in the ti
domain makes NDWT the most robust global slo
estimator when contrasted to structure functions a
OWT.

~ii ! The application of orthonormal and nondecimat
wavelet transformations to the ensemble atmosph
velocity measurements revealed new insights ab
the global exponentzn in the inertial subrange a
bounded by the turbulent production. For example
lognormal model with intermittency parameterm
50.1 better matches the measurements when c
pared to the acceptedm50.25 ~derived from inertial-
dissipation measurements!. The m50.1 is consistent
with the two intermittency exponent argument
Hayot and Jayaprakash in which the smallerm arises
when sweeping effects are significant.

~iii ! The use of nondecimated wavelet transforms to in
local exponents revealed that bothf Bm and turbu-
lence have a wide distribution of such local scali
exponents. We have shown that such a spread
consequence of heteroscedascity in the noise term
results in a poor connection between local expone
derived from wavelet analysis for finite scales and
singularity spectrum of a multifractal process. Hen
the presence of a local scaling exponent as deri
from such analysis~or a variant as in Bacryet al.!
does not prove or disprove the multifractal charact
istics of turbulence. Nonetheless, the measures of
cation of such distributions~e.g., mean, median, o
mode! are consistent with their inferred global exp
nent values~i.e., zn is n/3 for f Bm and lognormal
with m50.1 for turbulence!. This consistency can b
attributed to the theoretical zero-mean value of
heteroscedastic noise.
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APPENDIX A: AN OVERVIEW OF NONDECIMATED
AND CRITICALLY SAMPLED DISCRETE
WAVELET TRANSFORMATIONS

In this Appendix, definitions and important properties
nondecimated wavelet transformations~NDWT! and their
critically sampled counterparts~OWT! are presented. Fo
quadrature mirror filtersh and g, we define recursive up
sampled filtersh[ r ] andg[ r ] ,

h[0]5h, g[0]5g,

h[ r ]5@↑/2#h[ r 21], g[ r ]5@↑/2#g[ r 21].

In practice, the dilated filterh[ r ] is obtained by inserting
zeros between the taps inh[ r 21]. Let H[ r ] andG[ r ] be con-
volution operators with filtersh[ r ] and h[ r ] , respectively. A
nondecimated wavelet transformation is defined as a seq
tial application of operators~convolutions! H[ j ] andG[ j ] on a
given time series.

Definition. Let a(J)5c(J) and

a( j 21)5H[J2 j ]a( j ), b( j 21)5G[J2 j ]a( j ).

The nondecimated wavelet transformation of c(J) is b(J21),
b(J22), . . . , b(J2 j ), a(J2 j ), for some jP$1,2,. . . ,J% the
depth of the transformation.

If the length of an input vectorc(J) is 2J, then for any
0<m,J, a(m) and b(m) are of the same length. Letf j (x)
5f j ,0(x) andc j (x)5c j ,0(s). If the measurement sequenc
c(J) is associated with the functionf (x)5(kck

(J)fJ(x
222Jk) then thekth coordinate ofb( j ) is equal to

bjk5E c j~x222Jk! f ~x!dx.

Thus, the coefficientbjk provides information at scale 2J2 j

and locationk. One can think of a nondecimated wavel
transformation as sampled continuous wavelet transfor
tion ^ f (x),(1/Aa) c((x2b)/a)& for a522 j , andb5k. The
OWT is defined by the critical sampling given by

a522 j , b5k22 j , j ,kPZ,

and will produce a minimal basis. Any coarser sampling w
not provide a unique inverse transformation. That is,
original function will not be uniquely recoverable. For a
propriate conditions applied to the wavelet functionc, such
sampling produces an orthonormal basis$c jk(x)
52 j /2c(2 j x2k), j ,kPZ%. The coefficients of a function in
the orthonormal wavelet basis represent orthonormal wav
transformation, OWT. One such basis function, used in t
study, is generated by shifts and scales of a function

c~x!51~0<x<1/2!21~1/2<x<1!.

This function, known as the Haar wavelet, is used frequen
in turbulence research.34 Wavelet packets have also bee
proposed as an alternative source of basis functions in tu
lence research.27 When compared with the Haar wavelet
the context of energy packing, only minor improvemen
were reported.34 Hence, for the purposes of this study, on
Haar’s OWT is considered.
o AIP copyright, see http://ojps.aip.org/phf/phfcpyrts.html.
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APPENDIX B: ERRORS IN LOCAL SLOPE
ESTIMATION

In this technical Appendix we demonstrate that the lo
slope estimation errors are scale dependent quantities
amplify as the scale increases.

Let CWTY(a,b)5*Y(t)ca,b(t)dt be the continuous
wavelet transformation of the measured time seriesY(t),
whereca,b(t)51/Aa c((t2b)/a), andc an admissible de-
composing wavelet. Fora→0, local regularity result implies
that

^uCWTY~a,b!un&;C1•ab, ~B1!

where^ • & is ensemble averaging.
At a given time instant ~or translation! b, y(a)

5 loguCWTY(a,b)un can be observed.
Let

C25K logH uCWTY~a,b!un

^uCWTY~a,b!un&
J L

and

«n~a!5 log
uCWTY~a,b!un

^uCWTY~a,b!un&
2C2 .

Then, whena→0, y(a) can be expressed as

y~a!5C21 log^uCWTY~a,b!un&1«n~a!.

Using ~B1!, y(a) behaves as

y~a!;C1b• loga1«n~a!, ~B2!

for C5 logC11C2.
Since«n(a) is not 0 for finitea, it is impossible to de-

termineb exactly by locally regressingy(a) on loga ~even
if the coefficient of correlation betweeny(a) and loga is
61). When a increases the approximation~B1! becomes
inaccurate, and the magnitude of«n(a) increases as well. In
short, the determining ofb from ~B2! is impaired by het-
eroscedascity of the error term«n(a) ~Ref. 46, p. 423!. Simi-
lar arguments apply foruNDWTY(a,b)un.
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