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Abstract

Linking sap flow in tree boles to plant transpiration continues to be a fundamental and practical research problem in physio-
logical ecology and forest hydrology. Many models have been proposed to describe water movement within trees with varying
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degrees of success. The prevailing resistance–capacitance (RC)-circuit models have the advantage of being easy to impleme
However,RC models are ordinary differential equation (ODE) models that reduce the spatial–temporal dynamics of a
hydraulic system to the temporal variation of simplified quantities; thus, theRC parameterization is more empirical and open to
various interpretations. For coniferous trees, a reasonable alternative toRC circuit models is a porous media (PM) model, which
is a partial differential equation (PDE) model that describes the spatial–temporal dynamics. The model more closely rep
the physical elements of the conifer hydraulic system but also requires a direct estimation of its properties. Our propos
model is original in that it formulates a theoretical link between measured quantities (i.e., sap flux density and tree structu
model parameters, obtained during nighttime, which permits direct numerical conversion of sap flow to transpiration rate
daytime. In addition to fully simulating the PDE, we propose an alternative method to transform the PDE into a set of O
to significantly reduce computational demands. Although the ODE results are noisy, the transpiration pattern produced
ODE, once filtered, is similar to that of the PDE. We demonstrate that measurements of the sap flux in multiple positions
and within the crown can be used to compute the height-dependent transpiration rate; but if rates of bulk crown transpira
of primary interest, readily obtainable measurements at two heights, at the base of the tree and below the crown, are s
for the computation.
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Nomenclature

A cross section area (m2)
A0 base cross section area (m2)
b0 a proportional constant (kg m−3)
b1 a proportional constant (kg m−3)
c hydraulic capacitance (m−2 s2)
c2 vulnerability parameter 1
C capacitance of circuit model (m−2 s−1)
d vulnerability parameter 2 (kg m−1 s−2

(=Pa))
E transpiration rate (kg m−2 s−1)
Ea actual transpiration rate (kg m−2 s−1)
Enew corrected transpiration rate

(kg m−2 s−1)
g gravitational acceleration (m s−2)
gs stomatal conductance (m−1 s)
H total height of the tree (m)
J water flux (kg m−2 s−1)
Je exp. measured water flux (kg m−2 s−1)
Ĵ water flow (kg s−1)
K xylem conductance (s)
Kmax max. xylem conductance (s)
K̂ xylem conductivity (m2 s)
K̂max max. xylem conductivity (m2 s)
l leaf area per unit length (m)
P power of retention curve
R resistance of circuit model (m−1 s−1)
Rg global radiation (kg s−3 (=W m−2))
S a sink term (kg s−1)
t time (s)
T relaxation time constant (s−1)
x position (m)
xH a relative higher position (m)
xL a relative lower position (m)

Greek letters
α taper rate (m−1)
Φ hydrostatic pressure (kg m−1 s−2 (=Pa))
Φ0 retention potential coeff. (kg m−1 s−2

(=Pa))
η a suitable time interval (s)
κ saturatedK/c (m2 s−1)
θ xylem moisture content (kg m−3)
θ0 steady state solution ofθ (kg m−3)
θsat saturatedθ (kg m−3)

θ̃ small perturbation ofθ (kg m−3)
Θ total moisture content (kg)
Ξ total transpiration rate (kg s−1)
ρ water density (kg m−3)
Ψ total water potential (kg m−1 s−2 (=Pa))

1. Introduction

Measuring and modeling transpiration rates and
bulk canopy conductance is a fundamental and prac-
tical problem in studies on tree physiology, forest
ecology and hydrology and biosphere–atmosphere
exchange processes. Stomata play a dominant role in
controlling CO2 uptake and partitioning of net radia-
tion between latent and sensible heat flux (Verhoef and
Allen, 2000; Tanaka, 2002; Zhan et al., 2003). Thus,
biosphere–atmosphere flux measurement networks and
free air CO2 enrichment (FACE) experiments require a
quantitative response of bulk stomatal conductance to
variables such as light, vapor pressure deficit and soil
moisture, or to the increase in elevated atmospheric
CO2 (Baldocchi and Meyers, 1998; Lai et al., 2000;
Scḧafer et al., 2003). However, tree transpiration, used
in calculating bulk or mean canopy stomatal conduc-
tance, is difficult to measure and is commonly inferred
from sap flow measurements (Marshall, 1958; Swan-
son and Whitfield, 1981; Granier, 1985; Granier et al.,
1990;Čerḿak et al., 1995; Oren et al., 1998).

Calculating transpiration from sap flux has its own
share of theoretical and practical problems. For exam-
ple, the ability of tall trees to store water results in a
lag between sap flux and transpiration rate (Waring et
al., 1979; Jarvis et al., 1981; Goldstein et al., 1984,
1998; Hunt and Nobel, 1987; Hunt et al., 1991; Lous-
tau et al., 1996, 1998; Phillips et al., 1999, 2004).
This lag is the main motivation for modeling trees
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ith resistance–capacitance (RC)-circuits. There ar
any variants of theRC model with different degre
f complexity (Cowan, 1965; Slatyer, 1967; Lang
l., 1969; Cowan, 1972; Hunt et al., 1991; Jones, 1,
p. 72–105;Phillips et al., 1997; Loustau et al., 199).
hese models can always be reduced to a simplifieRC
ircuit model, whereR is the resistance of xylem co
uits andC is the capacitance of water storage (Fig. 1a).
he models are used to estimate an effectiveR andC
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Fig. 1. (a) The simplestRC circuit model commonly used to link sap flow and transpiration.R is the resistance of the xylem;C represents the
water storage inside the tree; the sap flow is i, driven by the water potential difference
Ψ . (b) A schematic representation of the porous media
model showing the xylem moisture contentθ = θ(x, t) as the conserved quantity. The plant hydraulic problem is treated as one-dimensional for
simplicity, and therefore,x = 0 represents the base of the trunk whilex = 1 is for the top of the crown. The lower boundary condition is controlled
by soil moisture content, which is assumed saturated. The upper boundary condition is no flux at crown top. The crown transpirationE(t) is
treated as a driving force while combining the continuity equation with Darcy’s law.

to calculate the time lag. TheRC constant can be used
to adjust for the time lag between sap flux and transpi-
ration in the calculation of stomatal conductance (e.g.,
Phillips et al., 1997; Loustau et al., 1998). A simpler
and thus commonly used method to partially account
for the time lag is to artificially shift sap flux time series
so as to maximize its correlation with the vapor pres-
sure deficit (VPD, kPa) or radiation (Rg, W m−2) time
series (Oren et al., 1999; Phillips et al., 1999). Such
analysis assumes that VPD orRg is synchronized with
canopy transpiration, and does not adjust for the atten-
uation of the sap flux signal due to storage effects.

The sap flux is inherently more attenuated than the
real transpiration because water storage within the tree
system functions as a low-pass filter. As a result, the
additional variation in transpiration is distributed to a
relative later time in the diurnal pattern of sap flux.
This extra water flux is often discarded due to inherent
difficulties of modeling redistribution of water, which
results in a net loss of real transpiration, and an under-
estimate of mean canopy stomatal conductance during

certain times of the day (Phillips and Oren, 1998; Ewers
and Oren, 2000). One solution to both problems of time
lag and signal attenuation is to fully simulate allRC
organ components explicitly rather than just calculat-
ing the effectiveRC constant (Hunt et al., 1991). This
approach ensures that none of the water flowing into
the tree is neglected. However, theRC circuit repre-
sentation often yields an ordinary differential equation
(ODE), which reduces the spatial–temporal dynamics
of a tree hydraulic system to the temporal variation of
several simplified artificial components; thus, specify-
ing theRC component of each organ is difficult at best
and impractical to measure. Additionally, the capaci-
tance of a typicalRC circuit recharges when the voltage
(potential difference) is applied and discharges when
the voltage is removed; this does not exactly reflect
the dynamic behaviors of the tree hydraulic storage
which is refilled at night when water potential differ-
ence decreases and drained during the day when water
potential difference increases. Another problem with
generalRC circuit models is that the moisture content,
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unlike electrical charges, can only be non-negative. The
linear capacitance inRC circuit models does not pre-
vent the moisture content from going negative and thus
allows unlimited water withdrawal.

We explore an alternative solution, a porous media
(PM) model, based on the finding that conifer xylem
can be treated as such medium because it is composed
of tracheids (Schulte and Costa, 1996; Früh and Kurth,
1999; Kumagai, 2001; Aumann and Ford, 2002a).
The PM model combines the continuity equation with
Darcy’s law modified to include all sinks due to tran-
spiration. This approach leads to a mass-conserving
partial differential equation (PDE) that describes the
spatial–temporal dynamics of a tree hydraulic sys-
tem. It also connects sap flux to transpiration with-
out artificial water loss due to calculation. While the
RC circuit models allow unlimited water withdrawal
from the tree, the maximum principle guarantees that
the moisture content in the PM model is bounded
between a saturation point and zero; as a result, the
amount of water withdrawn can never leave the mois-
ture content lower than the values found under very
dry soils and high VPD in realistic cases. Although it
is conceivable that at any particular time, anRC cir-
cuit can approximate the solution of a porous medium
PDE, this comes at the expense of introducing time-
dependent resistors and capacitors. In most previous
studies, porous media models are used for qualita-
tive comparison (e.g.,Schulte and Costa, 1996; Früh
and Kurth, 1999; Aumann and Ford, 2002a). The one
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As a case study, we use data obtained from a Nor-
way spruce (Picea abies L.) forest experiment (Phillips
et al., 2001, 2004). For this experiment, the tree was
confined to a chamber that can be flushed in order to
create a sudden VPD drop as a perturbation.Phillips
et al. (2004)used the perturbed sap flux data to cap-
ture the hydraulic characteristics of the tree by applying
the Laplace transform to theRC circuit model. In our
study, the unperturbed sap flux data are used instead.
The primary reasons for using the PM model are: (1)
that it correctly captures the lag between transpiration
and sap flux and (2) that it preserves the total mass
without losing sap flux due to calculation.

The dynamics of non-linear PDEs have long been
introduced to study various ecological models (Pielke
et al., 1993; Cushing et al., 1996; Patten, 1997). Our PM
model is such an example. By applying linear stability
analysis, we show that the hydraulic characteristics of
the tree can be inferred from a subset of unperturbed
sap flux data collected at night, when no transpiration
occurs. We show that measurements of the sap flux
at several positions below and within the crown can
be used to compute the height-dependent transpiration
rate. Moreover, sap flux measurements at two heights,
the base of the tree and below the crown, are sufficient
to capture the diurnal pattern of bulk crown transpira-
tion. Our analysis suggests that the PM model can be
applied to estimate transpiration from sap flux in field
experiments without artificial control or perturbations
of the surrounding environment.
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xception (Kumagai, 2001) requires that stomatal co
uctance is explicitly modeled and thus introdu
dditional complexity and uncertainty to the para

ers. Furthermore, that model predicts water poten
variable used for a quasi-quantitative verificatio

he results but not readily obtainable at high temp
nd spatial density in field experiments. Building u

hese previous studies, we propose a modeldriven by
ranspiration rate (Fig. 1b), rather than VPD (Fig. 1a),
hereby eliminating the need for a separate stom
onductance model. Because we use sap flux mea
t the base of the tree and we set the boundary cond
t the soil surface, the model is useful for above gro
lant hydraulics only. Xylem moisture content is c
en as our state variable and is the conserved qu
f the PDE. We also derive an expression for sap
ased on xylem moisture content for direct compar
ith field measurements.
. Methods

The experiment setting is briefly described. T
erivation of the PM model equations as well as
oundary conditions are presented next, followed

inear stability analysis that permits us to estimate
ydraulic properties for the model from nighttime da
e then describe the full parameterization of the m

nd apply the model to sap flux data from a field ex
ment.

.1. Setting

In this case study, we use experiment data colle
n Flakaliden, Sweden on a Norway spruce tree f
une 11 to July 23, 1996 (Phillips et al., 2001, 2004)
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to explore the application of the PM model and com-
pare it with theRC model calculations (Phillips et al.,
2004). In this study, we used an ensemble average of
diurnal values from 20 days in which complete data
were available.

Sap flux was measured using a Granier-type con-
stant heat dissipation probe (Granier, 1985) positioned
in the outer 20 mm of the hydroactive xylem of a 6.7 m
tall tree in a closed-top chamber. Because the crown
extended nearly to the tree base, it is assumed that the
entire cross section of the xylem was developed under
the influence of the crown and is thus made entirely
of juvenile wood without radial pattern (Phillips et al.,
1996). This is supported by other direct estimates of
sap flux at different radial depths at this site (Phillips
et al., 2001). Measurements of the flux in the outer
xylem are sufficient to estimate the flux through the
entire cross section area. There were five measurement
points on the subject Norway spruce tree, identified as
the fraction of the measurement height (Z) over total
tree height (H = 6.7 m): (1)Z/H = 0.03 at 0.2 m above
ground; (2)Z/H = 0.16 at 1.1 m; (3)Z/H = 0.27 at 1.8 m;
(4)Z/H = 0.54 at 3.6 m; (5)Z/H = 0.72 at 4.8 m. Temper-
ature and relative humidity were measured inside the
chamber and used in the calculations of vapor pressure
deficit (VPD). Global radiation (Rg) was measured out-
side the chamber at a top of a nearby mast. All sensors
were interrogated every 5 s and the half-hour average
was recorded in a data logger. SeePhillips et al. (2004)
for complete details on instruments, ancillary data and
m
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is the vertical position along the tree. As is the case with
a porous medium, loss of conductivity due to reduced
moisture (or pressure) is empirically determined byvul-
nerability curves (Sperry and Tyree, 1990; Sperry et al.,
1998; Ewers et al., 2000). A simplified vulnerability
curve is a Weibull function:

K̂ = K̂maxe−
(−Φ

d

)
c2, (3)

whereK̂max is the maximum conductivity,c2 andd are
fitting parameters.

The storage of water within the tree is represented
by its xylem moisture contentθ(x, t) bounded byθsat
(i.e., storage is saturated) and 0 (i.e., the storage is
completely drained), and the hydraulic capacitance is
defined as:

c = ∂θ

∂Φ
. (4)

The relation betweenΦ andθ is determined by an
empirical retention curve, which is usually fitted by a
logarithm curve (Kumagai, 2001). However, the log-
arithm relation does not correctly reflect the extreme
conditions: sinceΦ =−∞ is not practical on the field,
it may not be an issue that the logarithm relation gives
θ =−∞ under this condition, but the other extreme,
θ = θsat underΦ = 0, is well achievable. The logarithm
relation results inθ = +∞ under this condition, which
is not only unphysical but can also cause serious prob-
lems for our model. Therefore, we adopt the following
relation:
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easurement protocol.

.2. The model formulation

A PM model is constructed from the most basic
ents of a tree (Früh and Kurth, 1999; Kumagai, 200),
s shown inFig. 1b. This model treats the tree xyle
s a porous medium, which obeys Darcy’s law:

ˆ = −K̂
∂Ψ

∂x
. (1)

ere,Ĵ is the water flux,K̂ the hydraulic conductivit
ndΨ is the water potential consisting of two parts

= Φ + ρgx; (2)

he first termΦ is the hydrostatic pressure and the s
nd termρgx is the gravitational potential,ρ is the
ater density,g is the gravitational acceleration anx
θ

θsat
=
(

Φ0

Φ0 − Φ

)P

, (5)

hereΦ0 andP are empirical parameters. This re
ion is characteristically similar to the logarithm one

moderate potential range and exactly matches
xtreme conditions.

By modifying the continuity equation to inclu
sink termS(x, t) for transpiration, the dynamics

ylem moisture contentθ(x, t) follows the conserva
ion law:

∂(A(x)(x, t))

∂t
+ ∂Ĵ

∂x
= S(x, t), (6)

hereA(x) is the cross section area of the tree. The
erm can be characterized by:

(x, t) = −l(x)E(x, t), (7)
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wherel(x) is the local leaf area density (i.e., leaf area
per unit stem length) andE(x, t) is the transpiration flux
density.

Combining Eq.(1), (2), (4), (6) and(7), the prog-
nostic Partial Differential Equation (PDE) forθ(x, t)
reduces to:

∂θ(x, t)

∂t
− 1

A(x)

∂

∂x
[ρgA(x)K(θ)]

− 1

A(x)

∂

∂x

[
A(x)

K(θ)

c(θ)

∂θ(x, t)

∂x

]
= − l(x)

A(x)
E(x, t),

(8)

whereK(θ) defined asK̂/A(x) is the xylem hydraulic
conductance. BothK(θ) andc(θ) are material proper-
ties of trees and thus affected by the moisture content.
The material properties may have spatial inhomogene-
ity within a real tree, which can introduce an explicit
spatial dependence toK andc. For simplicity, we ignore
this spatial inhomogeneity.

2.3. Calculating the sap flux

Although Eq. (8) computesθ(x, t), the observed
quantity in field experiments is the sap fluxJ(x, t),
defined aŝJ(x, t)/A(x). To computeJ(x, t) from θ(x,
t), we note that(1), (2), (4) and(5) imply an explicit
formula:

J(x, t) = −
⌊
ρgK(θ) + K(θ) ∂θ(x, t)

⌋
. (9)
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This assumption places the tree under moist con-
dition. Employing the model under dryer conditions
requires the explicit measurements of the base xylem
moisture content, which becomes theeffective sat-
urated xylem moisture content for the model. This
measured quantity replaces the real saturated xylem
moisture content and acts exactly the same asθsat as
in the near saturation condition. If the relation between
xylem moisture of the tree base and soil moisture can
be formulated during a wet-dry period, the variation of
the soil moisture content can then be referred to govern
this lower boundary condition of the model.

For the crown boundary condition (i.e., upper
boundary condition), we note that the transpiration flux
densityE(x, t) is already incorporated in Eq.(8) so that
the treetop is treated as no-flux boundary condition (i.e.,
no leakage)

J(x = 1, t) = −
[
ρgK(θ) + K(θ)

c(θ)

∂θ(x, t)

∂x

∣∣∣∣
x=1

]
= 0.

(11)

2.5. Non-dimensionalizing the equations

The PDE (Eq.(8)) and the boundary conditions
(Eqs.(10) and(11)) contain parameters and variables
with physical units. First, we apply a standard pro-
cedure used in analyzing non-linear physics models,
that of non-dimensionalization. By removing the unit-
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Note that conductanceK appears in Eq.(9) instead
f conductivityK̂ sinceJ(x, t) is Ĵ(x, t) divided byA(x).

.4. Determining the boundary conditions

The boundary conditions consist of two parts:roots
ndcrowns.

The root boundary condition (i.e., lower boun
ry condition) assumes that the soil moisture con
emains nearly constant at time scales comparab
iurnal VPD changes. Therefore, the xylem mois
ontent at tree base also remains relatively constan
implicity and without loss of generality, let us assu
he base xylem moisture content is near saturation

θ(x = 0, t)

θsat
= θS

θSsat

∼= 1. (10)
ependence from the model, we (1) write the equa
n a more general form instead of only for a specific t
2) combine various parameters into dimension
ompound parameters which determine the dyna
f the model and thus (3) simplify the symbols of
nalysis. Although the model is only applied to
xperimental data from a single tree, we hope th
erves as a useful method for later data analysis.
rocedure is standard and common because it re

he underline formula of a model; models which sh
he same dimensionless form exhibit the same
ytical behaviors Therefore, non-dimensionalizing

odel before performing the linear stability analy
liminates the need to repeat the analysis for each
nd is useful in future research.

The premise of non-dimensionalization is to res
he state variableθ as well as the spatial and temp
al coordinatesx andt so that the units are eliminat
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Table 1
List of parameter values and physical constants used for model sim-
ulation in this study: parameter values are also listed and the model
output variables are labeled as calculated

Symbol Value in SI unit Dimensionless value

A0 0.0131 H2 2.90× 10−4

E Calculated Hθsatη
−1 Calculated

H 6.7 H 1
J Calculated Hθsatη

−1 Calculated
Kmax 5.47× 10−8 η 1.52× 10−11

P 400 1 400
T 1.20× 10−4 η−1 0.433
c2 3.5 1 3.5
d 6.8× 106 H2θsatη

−2 3.41× 109

g 9.8 Hη−2 1.89× 107

Ξ Calculated H3θsatη
−1 Calculated

Φ0 2.87× 109 H2θsatη
−2 1.44× 1012

α 0.425 H−1 2.85
κ 6.82× 10−4 H2η−1 5.46× 10−2

θsat 573.5 θsat 1
ρ 103 θsat 1.74
τ 3600 η 1

The value with units can be computed by multiplying the dimension-
less values with the non-dimensionalization factors.

from the model and the solution does not depend on any
specific dimension, thereby revealing canonical prop-
erties of water flow in trees. In order to do so, we may
substitute the follows into the model equations:

• x = Hx′, whereH is the total height of the tree;
• θ = θsatθ

′, whereθsat is the saturated moisture con-
tent;

• t =ηt′, whereη is usually a character time or a time
scale of the dynamics.

The primed variables are the dimensionless version
of the unprimed ones. By combining the three scal-
ing constantsH, θsatandη, we can non-dimensionalize
the other model parameters. The complete dimension-
less variables and parameters of the model are listed in
Table 1.

By replacing the dimensional (unprimed) variable
with dimensionless (primed) ones and then dropping
the primes to clear the expression, the resultant dimen-
sionless PDE takes the following form:

∂θ(x, t)

∂t
− 1

A(x)

∂

∂x

[
ρgA(x)K(θ)

]

− 1

A(x)

∂

∂x

[
A(x)

K(θ)

c(θ)

∂θ(x, t)

∂x

]
= − l(x)

A(x)
E(x, t),

(12)

wherex andθ are dimensionless and both simply range
from 0 to 1; the functional forms of the dimension-
less vulnerability curve and retention curve are still
identical to Eqs.(3) and(5), respectively, except that
the arguments and parameters become dimensionless
while the dimensionless capacitance is defined as in
Eq. (4). The dimensionless boundary conditions are
also obtained:

θ(x = 0, t) = 1 (root), (13)

ρgK(θ) + K(θ)

c(θ)

∂θ(x, t)

∂x

∣∣∣∣
x=1

= 0 (crown). (14)

When the results are presented, the units of choice
(for example, the SI units) can be restored to the cal-
culated quantities.

2.6. Linear stability analysis

Linear stability analysis, which is widely used to
analyze the models of non-linear systems (Nicolis,
1995, pp. 71–93;Greenside and Cross, 2002, pp.
65–122), has three primary steps: (1) solving for the
steady state solution, (2) perturbing the steady state
solution and (3) applying the boundary conditions.

The tree approaches a steady state condition at night
when transpiration (i.e., the driving force of the model)
is zero. ForE(x, t) = 0, the steady state solution (i.e.,
∂θ/∂t = 0) of Eq.(12)can be analytically derived:

θ
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θ

i ois-
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m oint
s

zero
w ars
u x-
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0(x) =
(

Φ0

Φ0 + ρgx

)P

. (15)

For most of the cases when the porous media is
tively rigid, which is the case of the tree hydrau
ystem,P|ρgx| � |Φ0|; thus,

0(x) = 1, (16)

.e., the tree is nearly saturated at night when soil m
ure is high. When using the model under non-satur
oil moisture conditions Eq.(16)means that the xyle
oisture content is near its effective saturation p

et by the dryer condition.
Nighttime measured sap flux decays toward

hile the shape of its vertical profile appe
nchanged as shown inFig. 2, which suggests a rela
tion mechanism. Therefore, the relaxation phenom
an be captured with linear stability analysis. We
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Fig. 2. Comparison of the vertical profile of sap flux between field
measurements (symbols and dotted lines) and model simulation
(dashed or solid lines) for hourly runs beginning midnight until 3:00.
In both measurements and simulated results, sap flux preserves the
shape of the eigenfunction in space as it relaxes in time.

turb the steady state solution by assuming:

θ(x, t) ∼= θ0(x) − θ̃(x, t) where θ̃(x, t) � θ0(x),

(17)

and then substitute it into Eq.(8)with E(x, t) = 0. Using
the approximation shown in Eq.(16)to the linear order,
θ̃(x, t) satisfies:

∂θ̃(x, t)

∂t
=
(

k

c

)
θ=1

∂2θ̃(x, t)

∂x2

+
(

(dA(x)/dx)

A(x)
− ρg

c2

d

(
Φ

d

)c2−1∣∣∣∣
θ=1

)

×
(

K

c

)
θ=1

∂θ̃(x, t)

∂x
, x (18)

whereK andc are both evaluated atθ = 1.

Next, using separation of variables and eigenfunc-
tion expansion,̃θ(x, t) can be expressed as:

θ̃(x, t) =
∑

i

e−Titbi(x),

where Ti is the time constant of the spatial eigen-
function bi(x). AssumingTj is the smallest time con-
stant amongTis, the corresponding spatial eigenfunc-
tion bj(x) dominates the otherbi(x)s as t increases.
Therefore, θ̃(x, t) converges toward the asymptotic
solution:

θ̃(x, t) ∼= e−Tjtbj(x).

For simplicity, we drop the subscriptj and write
θ̃(x, t) as:

θ̃(x, t) = e−Ttb(x). (19)

Substituting Eq.(19) back into Eq.(18), it can be
shown thatb(x) must satisfy:

d2b(x)

dx2 +
(

(dA(x)/dx)

A(x)
− ρg

c2

d

(
Φ

d

)c2−1∣∣∣∣
θ=1

)

× db(x)

dx
+ T

(K/c)θ=1
b(x) = 0. (20)

For analytical tractability, let us assume the cross
section area of the tree trunk tapers exponentially,

ase
ally
nse-

r-
i.e.,

A(x) = A0 e−αx, (21)

where A0 is the cross section area at the tree b
andα is the taper rate. This assumption is gener
a reasonable approximation. The most notable co
quence of this assumption is that it simplifies Eq.(20)in
that

(dA(x)/dx)

A(x)
= −α.

Let

κ ≡
(

K

c

)
θ=1

= Φ0kmax

P
, (22)

and note that ifc2 > 1, which is true for typical vulne
ability curves:
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(
Φ

d

)c2−1∣∣∣∣
θ=1

= 0. (23)

Then,b(x) can beanalytically solved:

b(x) = b0 eαx sin

[(
α

2

√
4T

κα2 − 1

)
x

]

+b1 eαx cos

[(
α

2

√
4T

κα2 − 1

)
x

]
. (24)

As a result, the perturbation function satisfies:

θ̃(x, t) = b0 e−Tt+αx sin

[(
α

2

√
4T

κα2 − 1

)
x

]

+b1 e−Tt+αx cos

[(
α

2

√
4T

κα2 − 1

)
x

]
,

(25)

while θ(x, t) = θ0 − θ̃(x, t) ∼= 1 − θ̃(x, t).
Eq.(25)is the general functional form for the pertur-

bation near the steady state solution of the PM model
(Eq.(8)). However, not all functions that match the gen-
eral form are solutions for a specific problem because
the boundary conditions have to be satisfied. Only a
subset of the functions will meet the requirement.

The root boundary condition leads to:

b

i ion
f

θ

be
r

e

then, using the expression in Eq.(26) for θ̃,

b0 e−Tt+α

(
α

2

√
4T

κα2 − 1

)
cos

(
α

2

√
4T

κα2 − 1

)

+b0 e−Tt+α α sin

(
α

2

√
4T

κα2 − 1

)

= −ρg
dc(θ)

dθ

∣∣∣∣
θ=θ0∼=1

· b0 e−Tt+α

× sin

(
α

2

√
4T

κα2 − 1

)
. (27)

Sincec is defined by Eq.(4) andθ is given by Eq.
(5),

dc(θ)

dθ

∣∣∣∣
θ=θ0∼=1

= P + 1

Φ0
,

Thus,

ρg
dc(θ)

dθ

∣∣∣∣
θ=θ0∼=1

= ρg
P + 1

Φ0
<< 1

and then Eq.(27)can be simplified to:

tan

(
α

2

√
4T

κα2 − 1

)
∼= − 1

α

(
α

2

√
4T

κα2 − 1

)
. (28)

Hence, forα estimated from the trunk diameter pro-
file andT obtained from the relaxation time series, Eq.
( -
t inant
e ay-
i
p
s

2

dis-
c ause
t one
m zed
v ented
a
d tate
v one
s

1 = 0,

n Eqs.(24)and(25)and thus, reduces the perturbat
unction to:

˜(x, t) = b0 e−Tt+αx sin

[(
α

2

√
4T

κα2 − 1

)
x

]
. (26)

Furthermore, the crown boundary condition can
ewritten as:

∂θ(x, t)

∂x

∣∣∣∣
x=1

= −ρgc(θ)|x=1.

Substitutingθ(x, t) = θ0(x) − θ̃(x, t) into the above
quation to the linear order, we obtain:

∂θ̃(x, t)

∂x

∣∣∣∣
x=1

= −ρg
dc(θ)

dθ

∣∣∣∣
θ=θ0

θ̃(x, t)

∣∣∣∣∣
x=1

;

28) can be used to numerically solve forκ. The solu
ion is a discrete spectrum; nevertheless, the dom
igenfunction during the night is the slowest dec

ng mode corresponding to the largest value ofκ. The
hysical meaning ofκ is the inverse ofRC constant in
aturated state according to Eq.(22).

.7. Parameterization of the model

Before numerical results are presented, we
uss the parameter values and the units. Bec
he numerical simulation of models can be d
ore systematically with the non-dimensionali

ersion, the dimensionless parameters are pres
long with their values in SI units inTable 1. Non-
imensionalization starts with rescaling the s
ariable and the coordinates; while we have
tate variable (θ) and two coordinates(x, t), three
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Fig. 3. Nighttime sap flux versus time on a log scale from 0:30 to
4:30 at four heights. To leading order, an average relaxation constant
T can be computed from the slope of the regression analysis.

rescaling constants are necessary and sufficient: (1)
the total height of the treeH = 6.7 m, which rescales
x to 0–1, (2) the saturated xylem moisture content
θsat= 0.574 m3 H2O m−3 stem, which rescalesθ to
0–1 and (3) a suitable time constantη, which is usually
chosen to normalize a parameter or to project the
problem onto a time scale comparable to the charac-
teristic time of the dynamics. We useη = 1 h =3600 s
because the sap flux variation primarily responds to the
diurnal pattern of environmental factors and thus, the
dynamics is conveniently described on an hourly basis.

The other parameters and variables can further be
non-dimensionalized based on these three constants.
The central piece of the parameterization is the evalua-
tion of the saturated inverseRC constant (κ), defined by
Eq. (22). The process starts with the determination of
the relaxation time constantT of the nighttime sap flux
and the taper rateα of the stem cross section area.T is
evaluated by regressing the logarithm of the nighttime
sap flux with time, as shown inFig. 3. The deviation of
the relaxation curves from each other is likely due to
spatial inhomogeneity among the measurement points,
as well as the experimental noise where sap flux is
low. (Note that the plot is on a log scale where a small
noise is magnified at lower values.) Despite the devia-
tions, the common relaxation tendency among the mea-
surement points is strong, showing that the relaxation
behavior is a relatively dominant phenomenon. Thus,
the relaxation behavior is the first-order approximation
for the nighttime dynamics. The relaxation constantT

obtained from the figure is 1.20× 10−4 s−1 in SI units.
On the other hand, the exponential taper function (Eq.
(21)) matches the cross section area measurements of
the tree in the Norway spruce experiment, as shown
in Fig. 4a. Therefore,α is directly fitted as 0.425 m−1

in SI units. OnceT andα are known, Eq.(28) can be
numerically solved to obtainκ = 6.82× 10−4 m2 s−1.

While the data is not available to parameterize the
vulnerability curve (Eq.(3)) and the retention curve
(Eq. (5)), the choice of theP–Φ0–Kmax combina-
tion is not unique for a givenκ. In the Section4,
we point out that the model results are similar for
different combinations because the most important
parameter in the model is the lump sum parameter
κ =Φ0KmaxP−1, rather than the three individual param-
eters. Using an approximated description, we adopt
P = 400,Φ0 = 2870 MPa and thusKmax= 5.47× 10−8 s
in SI units.

One may refer toAppendix Afor the details of the
parameterization as well as the non-dimensionalization
of the entire model. The final results are listed in
Table 1.

2.8. Calculating the crown transpiration rate

With the parameter values determined, the next step
is estimating the daytime transpiration from the mea-
sured sap flux. While the model, Eq.(8), calculates
the sap flux from a given transpiration rate, our objec-
tive is aligned with the inverse problem: evaluating
t time
s

ting
t nted.
T rves
a the
d dia
m the
p s to
b flux
d ns
t ly
i d is
m

ion
r tion
( on-
s s the
he transpiration rate from the measured sap flux
eries.

In this subsection, three methods for genera
ranspiration from measured sap flux are prese
he first method is the prevailing method and se
s the “baseline” or “reference” method to assess
escriptive and predictive skills of the porous me
odel. The second method is a full simulation of
orous-media PDE and requires several iteration
ack-calculate the transpiration rate from the sap
ata. The third method is derived from simplificatio

o the PDE. Unlike the full PDE method, we simp
ntegrate an ODE one time; therefore, this metho

ore computationally efficient.
The prevailing method for calculating transpirat

ate from sap flux time series is called cross-correla
CC) method. In principle, it has two steps: mass c
ervation and storage effects. The first step use
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Fig. 4. Vertical profile of (a) diameter and (b) cumulative leaf area of the studyPicea abies tree. The data for diameter are fitted with:
diameter = 0.129× exp(−1.42× relative height). The data for cumulative leaf area are approximated with: cumulative leaf area = 15.3×
(1− tanh(6× relative height− 2.4)).

principle of mass conservation and assumes no water
storage within a tree. As a result, the sap flux,J(x,
t), through the tree stem must transpire into the atmo-
sphere somewhere along the path. Thus, we can sub-
tract the sap flow at a higher level in the stem from
the flow at a lower level and obtain the total amount of
transpired water between the two levels. Knowing the
trunk cross section area,A(x), and the leaf area density
l(x), we can further calculateE(x, t) by:

[A(xL)J(xL, t) − A(xH)J(xH, t)]

= l

(
xL + xH

2

)
(xH − xL)E

(
xL + xH

2
, t

)
, (29)

wherexL is a lower level andxH is a higher level along
the tree.

The second step considers the storage effects. The
water storage inside the tree empties in the morning
and refills in the evening, thus sap flux is delayed rel-
ative to transpiration. Noting that the actualE(x, t)
is often synchronized with VPD and/or incomingRg,
the measured sap flux is commonly shifted backward
in time relative to the time series of both VPD and
Rg, until the best correlation coefficient is found. The
lag with the highest correlation to either VPD orRg

is assumed to account for the storage-related delay
(hereafter referred to as ‘time lag’). The shifted sap
flux is treated as a representation ofE(x, t) (Phillips
et al., 1999; Scḧafer et al., 2000). The advantage of
this method is simplicity and ease of implementation.
However, there are some disadvantages when consid-
ering the effect of water storage by simple time shifts;
the storage not only delays the sap flux response to
environmental driving variables, but also modulates it.
The consequence is that the increased flow of morning
sap flux is less dramatic than the actual transpiration
rate, and correspondingly, there exists a relaxing tail in
evening sap flux as VPD orRg and actual transpiration
approach zero. This extra tail is discarded and leads to
a net loss of water when calculating transpiration rates
using this method.

For the PM method, we note that if the actualE(x, t)
is known, the PDE in Eq.(8) can be numerically inte-
grated over space and time by applying the boundary
conditions, Eqs.(10)and(11). Onceθ(x, t) is computed,
J(x, t) can be calculated using Eq.(9):

J(x, t) = −
[
ρgK(θ) + K(θ)

c(θ)

∂θ(x, t)

∂x

]
.
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In the field,J(x, t), notE(x, t) is measured. Therefore,
a method that inverts from sap flux to transpiration is
of interest. We consider an iterative method:

1. Provide an initial guess forE(x, t).
2. Integrate the PDE and calculate the corresponding

J(x, t).
3. Compare the calculatedJ(x, t) with the experimen-

tally measured sap flux dataJe(x, t) and evaluate the
difference betweenJ(x, t) and Je(x, t) (i.e., 
J(x,
t) = Je(x, t) − J(x, t)).

4. Assume the entire difference
J(x, t) contributes
to the difference between the assumed transpiration
rateE(x, t) and the actual oneEa(x, t).

5. Convert
J(x, t) into the difference in transpiration
rate:
E(x, t) =
J(x, t) A(x)/(l(x) 
x), where
x is
the spatial grid size in numerical simulation.

6. Calculate the corrected transpiration rate:Enew(x,
t) = E(x, t) +
E(x, t).

7. EmployingEnew(x, t) as the new initial guess forE(x,
t), repeat steps 1–6 until the difference between the
experimental and the simulated data reaches its min-
imum. Further iterations magnify the experimental
noise and move the simulated results away from the
experimental data.

This procedure requires several iterations (17 for
this case study) before the best agreement between
simulation and data is achieved. The full PDE sim-
ulation should provide accurate results. However,
f me
a lify
t del
i nd
p tion
r the
a

c
r

w t
θ e
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f
u ent

heights to integrate Eq.(30) over finer spatial grids.
One thing to note is that the interpolations should be
done on the sap flow data, i.e.,A(x)J(x, t), rather than
the sap flux (J(x, t)) in order to preserve the total mass.

BecauseJ(x, t) is measured as a time series, we inte-
grate Eq.(30)at each different time and reconstructθ(x,
t) as a time series. Afterθ(x, t) is obtained, we substitute
it back into PDE Eq.(8):

∂θ(x, t)

∂t
− 1

A(x)

∂

∂x
[ρgA(x)K(θ, x)]

− 1

A(x)

∂

∂x

⌊
A(x)

K(θ, x)

c(θ, x)

∂θ(x, t)

∂x

⌋
= − l(x)

A(x)
E(x, t)

(31)

and simply discretize space and time to calculateE(x,
t). This procedure eliminates the need for iteration.

3. Results

In this study, the primary forcing variable is sap flux,
which is readily measured in field experiments. Night-
time sap flux measurements are used to obtain storage
properties of trees, which in-turn allow computing day-
time transpiration rates.

3.1. Model verification using the nighttime sap
flux results

red
o flux
d ent
b ight-
t t the
m le for
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m
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t oint
n
v or
(
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ull PDE simulations are time consuming for so
pplications, which motivated us to attempt to simp

he calculations. We decompose the full PDE mo
nto simpler ordinary differential equations (ODE) a
ropose a quicker method to calculate transpira
ate from sap flux data while still preserving
dvantages of the PDE porous media model.

The quantity measured in the field isJ(x, t). We can
omputeθ from J data by notifying that Eq.(9) can be
ewritten as

∂θ(x, t)

∂x
= −J(x, t) + ρgK(θ)

K(θ)
c(θ)

, (30)

hich is an ODE for any given timet. Knowing tha
(x = 0, t) = θsat is the lower boundary condition, w
ntegrateθ(x, t) from x = 0 to H to obtainθ(x, t) as a
unction ofx at timet. Since the resolution ofJ(x, t) is
sually low, we interpolate between the measurem
All the model parameters can be directly measu
r independently estimated from the nighttime sap
ata where linear stability analysis applies. Agreem
etween measured and modeled sap flux during n

ime can provide the necessary confidence tha
odel represents the key mechanisms responsib
lant hydrodynamics. By settingE(x, t) = 0, the PDE o

he PM model can be numerically integrated to ob
he nighttime sap flux. The results of the nightti
odel simulations compare well with the measu
ents made in the Norway spruce tree (Fig. 2). The
easured sap flux data is very close to the simu

esults despite experimental noise and possible
ial inhomogeneity within the tree system (data p
umber (N) = 28, correlation (r2) = 0.84, maximum
alue (Max) = 0.86 g m−2 s−1, root mean square err
RMSE) = 0.13 g m−2 s−1 in Fig. 2; N = 49, r2 = 0.83,
ax = 2.54 g m−2 s−1, RMSE = 0.33 g m−2 s−1 for the
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entire nighttime data). Even more interesting is that
the analytical form of the nighttime sap flux can be
derived by substituting the perturbation eigenfunction
(Eq.(26)) of the moisture content,

θ(x, t) = θsat− θ̃(x, t)

= θsat− b0 e−Tt+αx sin

[(
α

2

√
4T

κα2 − 1

)
x

]
,

into the sap flux calculation in Eq.(9). This sug-
gests that the analytical form of nighttime flux is well
defined.

3.2. Daytime transpiration rate calculation

The transpiration rate was back-calculated based
on experimentally measured sap flux data by invert-
ing the porous media PDE that computes the sap flux
from a given transpiration rate. The straightforward
method is to fully simulate and iterate the PDE. The
non-zero transpiration rate is the driving force of the
model during daytime. For height-dependent simula-
tion of transpiration rate, the leaf area densityl(x) on
the right hand side of the PDE (Eq.(8)) is needed in
order to properly scale sap flux to transpiration rate.
This l(x) (Fig. 4b) was measured through a destructive
harvest of the tree at the conclusion of the experiment
(Phillips et al., 2004).

The results of the full PDE simulation (dashed lines
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Because the full PDE simulation is time-consuming,
we derive an alternative ODE method. The solid lines
on the left hand side ofFig. 5are the results of this ODE
method, and follow the overall pattern of the full PDE
simulations, but reflect greater and more rapid fluc-
tuations. The greater fluctuations calculated with ODE
relative to the fluctuations with PDE generate large dif-
ferences in transpiration at any point in time. Although
the ODE method can be integrated much more quickly,
the huge fluctuation resulting from the measurement
noise is a disadvantage. The lack of robustness to the
noise is evident because after integrating the ODE (Eq.
(30)) overx to obtainθ(x, t) (which is contaminated by
noise in the sap flux), noise in the time series amplifies
when the term∂θ(x, t)/∂t in Eq.(31) is computed.

The high-frequency noise generated by the ODE
method can be reduced through filtering. The simplest
filter is a moving average and can be implemented by
taking the average at each time step with its adjacent
data points (i.e., high-frequency filtering). The solid
lines on the right hand side ofFig. 5 show the results
after employing such a filter, using a 5-point moving
average. The filtered results of the alternative ODE
method are much smoother and close to the full PDE
simulation (N = 1200,r2 = 0.90).

The transpiration rates from the two PM methods
and the CC method drop below zero at certain points
(Fig. 5). This drop is due to the unavoidable measure-
ment noise in the sap flux time series. The measure-
ments with least noise occur between the measurement
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ime series of sap flux is shifted relative to VPD andRg
orward and backward in time steps equal to the m
urements resolution until the highest correlation c
cient is reached. This analysis shows higher maxim
orrelation coefficient withRg (r2 = 0.85, averaged ov
he five crown zones) than with VPD (r2 = 0.75). The
g-lagged sap flux produces transpiration patterns
egin at a similar time to that calculated with the P
ethod, but rise more slowly, do not display the sa
ynamics during the day, and trail off later into the ni

n all five crown zones. We note that the transpira
ate at the top and bottom crown sections are very
elative to the three mid-sections. This is the resu
aving very little leaf area in both sections, mak
mall errors in flow, measured or simulated, prod
igh rates of transpiration.
ointsZ/H = 0.27, just below the height in which sign
cant amount of foliage can be found (Fig. 4b), and 0.54
he sap flux data are obtained from the measured
erature gradient between a heated and unheated
Granier et al., 1996). Thus, the noise introduced
he lower measurement points originates from the
uctuation of the ground, while the noise at higher m
urement points generates negative transpiration
hen the sap flux approaches zero. Due to the tap
f the cross section of the trunk (Fig. 4a), the total sa
ow (sap flux times cross section area) is much sm
t the highest measurement point, and therefore
xperimental noise produces “negative” transpira
ore often than at mid-tree height positions.
To confirm that the inverse problem is solv

roperly, we compute the daytime sap flux using
DE-simulated transpiration as the boundary co

ions. The obtained sap flux compares very well w
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Fig. 5. Height-dependent transpiration rate (i.e., transpiration rate between consecutive heights) obtained by lagging sap flux based on cross-
correlation (CC; dotted lines) analysis with global radiation and the simulated with two porous media methods, one based on partial deferential
equations (PDE; dashed lines) and one on ordinary differential equations (ODE; solid lines) at five height intervals in the tree (left hand side
panels). The right hand side panels show the same data, except that the results from the ODE are filtered based on 5-point moving average, with
each point representing 0.1 h.

the experimental measurements (N = 119, r2 = 0.98,
Max = 18.00 g m−2 s−1, RSME = 1.02 g m−2 s−1).
Two typical snapshots of the comparison between the
vertically explicit sap flux simulation and measure-
ment show a good agreement along the entire tree
stem (Fig. 6).

4. Discussion

The intent of the proposed porous media model is
to simulate water flux in trees by isolating the xylem
hydraulic system from other complex organs (e.g.,

stomata, root–soil matrix), rather than to simulate the
flux in every organ of the tree. For this reason, the soil
moisture content is treated as a constant within the time
scale of the problem, and the morphology and the spa-
tial inhomogeneity are left for future studies. Moreover,
because the focus of this model is on internal hydraulic
control of water flux dynamics, dynamical changes
in stomatal conductance (Tardieu and Davies, 1993;
Friend, 1995; Leuning, 1995; Oren et al., 1999; Eamus
and Shanahan, 2002; Dewar, 2002) are not included
here. In principle, a submodel of stomatal conductance
could be straightforwardly coupled with this PM model
by providing and independent transpiration time series.
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Fig. 6. Comparison of the vertical profile of sap flux between field
measurements (symbols) and model simulation (solid lines) for
hourly runs at midday and 16:00.

Isolating the xylem hydraulic system from stomatal
conductance and from variation in forcing variables
leads to a logical separation between nighttime (no
transpiration) and daytime dynamics. The primary dif-
ference between nighttime and daytime sap flux is its
relaxation behavior, as shown inFigs. 2 and 3. Because
stomata close at night, the hydraulic system of a tree is
isolated from any change in canopy environment and
relaxes toward a steady state. The saturatedRC con-
stant,κ−1, is determined when the relaxation time con-
stantT is fitted. Therefore, it is not surprising that the
relaxation rate of the experiment data is similar to that
of the model simulation (Fig. 2). On one hand, the ver-
tical agreement between the experimentally measured
data and analytically predicted eigenfunction (Fig. 2)
shows that the complexity is greatly reduced by iso-
lating the system from the environment at nighttime.
The agreement serves as an independent verification
of the PM model for the hydraulic system of trees and

suggests nighttime data as a good starting point for
modeling the plant hydraulic system.

Analysis of nighttime sap flux data (Fig. 3) can be
utilized to evaluate the saturatedRC constant,κ−1.
Assuming that moisture content is not far from sat-
uration,κ−1 is essentiallyR times C and provides a
systematic method to calculate theRC constant for the
electrical circuit analogue model. The analysis shows
that the parameter of the stem taper function appears
in the formula that evaluates the relaxation time con-
stant (Eq.(28)). To our knowledge, the effect of the
stem taper has not been previously considered in quan-
tifying the time lag in sap flux. If we assume that the
tree is a uniform rod, the relaxation time constant of
our model reduces to (2πH−1)2(Kc−1)θ = 1, which is
equivalent to (RC)−1 for the circuit analogy. Thus, the
stem taper modifies the time lag from the perfectRC
constant predicted by a simplifiedRC circuit model.
Additionally, the stem taper also distorts the vertical
profile of sap flux from a simpler sinusoidal function
predicted by the uniform-rod assumption. Thus, our
analysis provides another explanation for the difference
betweenRC-predicted and actual sap flow data shown
in Phillips et al. (1997)where theRC model does not
consider the effect of stem taper on sap flow dynamics.
This also means that if the taper of a tree is other than
exponential, it is necessary to revisit the nighttime data
analysis in order to derive a new formulation forκ.

Phillips et al. (2004)utilize the perturbed (i.e., step
changes in VPD) sap flux data on the same Norway
s
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ehind that of the ecosystem latent heat flux, and
06 min. Using their formula and theκ from our PM
imulation, the equivalentRC constant for this taperin
pruce tree is∼72 min. Although there is some diffe
nce between these two estimates of theRC constant

he variation ofC can range 3–27-fold within mode
te range of xylem water potential (Holbrook, 1995, pp.
51–174). More importantly, the smallerRC constan
f our model is expected, given the analysis of a ra

unction forcedRC circuit (Phillips et al., 2004). Direct
ntegration of theRC circuit equation readily shows th
he lag between sap flux and latent heat flux is the
nterval on which the capacitance current (i.e., sto
ux) damps out. Although this time interval is not w
efined, it should be longer than the “true”RC time
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constant where the capacitance current damps to 36%
of its original value. Therefore, the 72 min obtained
from the PM model may reflect the “true”RC number
of this tree.

On the other hand, the saturatedRC constant (κ−1),
as a lump-sum parameter, is the primary governing
parameter of the PM model (see Section2.7). Coupled
with Eq. (9), the model computes the sap flux while
being driven by the transpiration rate. Because the tran-
spiration rate and the sap flux are physically equivalent
quantities (only through different cross section areas),
this mechanism makes both the moisture contentθ

and the water potentialΦ transient variables. This is
a key advantage over previous PM models because
θ andΦ are difficult to obtain in a field experiment.
There is a parallel situation in anRC circuit driven by
a current source. While further specifyingR andC can
uniquely determine the voltage and the charges in the
capacitors, the lump-sumRC constant alone is enough
to determine the dynamics of the electrical current.
This advantage allows our model to produce reason-
ably good results even though the vulnerability curve
(specifying the conductance) and the retention curve
(specifying the capacitance) are not readily measured
in the experiment, and we have to use empirical curves
instead. Consequently, one has to be cautious about the
calculatedθ andΦ as well; although they combine to
correctly evaluate the sap flux, each ofθ andΦ is only
qualitatively meaningful. They can be made quantita-
tively meaningful if either the retention curve or the
x t.

lem
h on-
m ter-
n gins
a ion”
p thod
( dy
a ime
l ice
b
c ics.
T of
t sap
fl s in
w e-
o store
t sap

flux because, unlike PM andRC models, the method
does not simulate the storage mechanism. The reduced
response in sap flux produces a relaxation tail when
VPD and transpiration drop to zero. The CC method
cannot redistribute the water within the tail, which is
typically discarded, causing a net loss of water (Phillips
and Oren, 1998; Ewers and Oren, 2000).

Two indicators that the PM model more accurately
describes the physics of the water flow than the CC
method are time lag and attenuation effect. Since the
storage mechanism is embedded in the two PM meth-
ods, its effects are dealt with realistically, resulting in
reasonable approximation of sap flow dynamics inside
a tree. As stated earlier that the transpiration rates cal-
culated by both PM methods rise at the same time as the
results obtained by the CC method (Fig. 5), suggesting
that they estimate the same time lag. Furthermore, the
PM methods give a higher rate for morning transpira-
tion and a more rapid decay for evening transpiration
than the CC method. Thus, PM methods better address
the attenuation effects, which are not addressed by the
CC method. On the other hand, the mass-conserving
formulation of the PM model ensures no net water loss.
Table 2summarizes the calculated total daily transpi-
ration at each measurement height inFig. 5. SinceRg is
the primary environment factor that affects the transpi-
ration in this specific case, the results of the CC method
are obtained by discarding the data between 21:00 and
3:30 whenRg is close to zero, as described in Section
2.8. The table shows that the ODE method nicely recap-
t thod
d this
s the
g a
d
B tin-
u rdly
m es an
a g
m ocal
a his
p tol-
e PDE
m the-
l we
b en a
l ging
o

ylem conductivity is obtained from the experimen
During the daytime, stomata open and the xy

ydraulic system is no longer isolated from its envir
ent. Both the full PDE simulation and the ODE al
ative method produce a transpiration rate that be
t about the same time as the shifted “transpirat
roduced by lagging sap flux based on the CC me
Fig. 5). This indicates that the time lag is alrea
ccounted for by the PM methods. Although the t

ag is easier to correct by artificial shifting, the cho
etween correlating sap flux with VPD orRg may not be
onclusive because they both can affect its dynam
herefore, shifting sap flux to the better correlation

he two may not reflect the actual time lag between
ux and transpiration rate, especially in situation
hich VPD andRg are not highly synchronized. Mor
ver, as stated earlier, the CC method cannot re
ranspiration rate from the attenuated response in
ures the discarded water. However, the PDE me
oes not perform as well as the ODE method in
pecific case. It is likely due to a sudden drop of
lobal radiation around 8:00 which is followed by
rop in the sap flux thereafter, as shown inFig. 7(top).
ecause the PDE simulation is searching for con
ous and differentiable solutions, which can ha
atch such a sudden change, the method produc
nomaly around 8:00 (Fig. 5). Because the data fittin
ust find the best match for the entire range, this l
nomaly contributes to a significant water loss. T
henomenon shows that the ODE method, which
rates big fluctuations, has an advantage over the
ethod when dealing with noisy data sets. Never

ess, the ODE method is derived from the PDE, so
elieve the PDE method should perform better giv

ess noisy data set, which can be achieved by avera
ver a larger sample size.
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Table 2
Daily transpiration which is calculated by integrating the curves inFig. 5 through an entire day and multiplying the leaf areas at five vertical
sections; the results of three different methods are shown for comparison (CC method with and without data cutoff are both listed):

Vertical position (m) CC method (without cut) (g) CC method (g) PDE method (g) ODE method (g)

a. 4.8–6.7 856.67 710.42 565.06 658.46
b. 3.6–4.8 967.07 795.15 845.65 847.39
c. 1.8–3.6 2857.9200 2583.06 2517.33 2867.91
d. 1.1–1.8 350.48 310.45 808.43 513.70
e. 0.2–1.1 −398.62 −219.32 −266.66 −266.01

Total 4633.53 4179.76 4469.80 4621.44

We tested the model on a conifer tree, but the
formulation is sufficiently general that with proper
parameterization the model should be applicable to
broadleaf species despite differences in xylem struc-
ture. This generality is valid because the model uses
averaged macroscopic velocities rather than the micro-

Fig. 7. Ensemble average over the experiment period of diurnal sap
fl sim-
i ing
s aver-
a ration
b d on
5 and
w

scopic velocities within an individual xylem element.
That is, as long as the macroscopic flow through a group
of vessels follows Darcy’s law, then the general porous
media ansatz should hold. We obtain reasonable results
for a conifer tree while neglecting hysteresis. Since hys-
teresis is known to be more of an issue for small pores
(e.g. conifer xylem) than large pores (e.g., vessels in
broadleaf trees), we expect the PM model to readily
adapt to broadleaf species.

There are two other potential problems of applying
the model to broadleaf species: One is that in some
species, stem cross section area changes with transpi-
ration, which can impact the storage flux term (Zweifel
et al., 2001; Zweifel and Hasler, 2001). However, this
change must be compared to sources of water loss in
the continuity equation. Recall from Eqs.(6) and(7)
that

∂(A(x)θ(x, t))

∂t
+ ∂Ĵ

∂x
= −l(x)E(x, t);

hence, if

θ(x, t)
∂A(x, t)

∂t
� A(x, t)

∂θ(x, t)

∂t

the change in stem cross section area has negligible
effect on the model. Furthermore, if the change in cross
sectional area with transpiration is restricted mostly
to the bark (e.g.,Zweifel et al., 2000), then the entire
formulation must be made separately for xylem and
bark. Our intention is to derive a formulation that is
p tion
o e
t

leaf
s some
n et
ux, global radiation and vapor pressure deficit showing a close
larity in the patterns of the two former variables (top). After lagg
apflux to better match global radiation, sapflux was scaled to
ge tree transpiration and compared to the simulated transpi
ased on the ordinary differential equations (ODE; filtered base
-point moving average) using five measurement heights below
ithin the crown, or using two heights below the canopy.
hysically based, replacing the empirical formula
f theRC circuit, yet retaining some simplicity in th

reatment of the tree.
The other potential problem is that some broad

pecies and even some conifers can have
ighttime transpiration (Oren et al., 2001; Snyder
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al., 2003), which affects the estimation ofκ. We can
quantitatively estimate this effect by adding a small
amount of transpirationε to the right hand side of
Eq. (18). This inhomogeneous equation results in an
underestimation ofκ, or equivalently an overestimation
of c(θ) on the order ofε/E, the ratio of the nighttime
transpiration to the daytime transpiration, which is
usually under 10%. Even when the nighttime tran-
spiration is relatively large, a no-transpiration period
(e.g., continuous rain events, or low VPD conditions)
can provide sufficient data for model parameteri-
zation.

Our model can be improved and made more ver-
satile in a number of ways. For example,Aumann and
Ford (2002a)recently composed a more complete PM
model for the hydraulic system. In addition to the wet-
ting phase (i.e., the sap fluid), their model calculates
the movement of the de-wetting phase (i.e., the water
vapor) as well. Because the presence of water vapor is
associated with reduction of xylem conductivity due to
cavitation, the function of the vulnerability curves are
not needed in their model. However, in order to obtain
the dynamics of the de-wetting phase, the model param-
eterization is done at the tracheid scale (Aumann and
Ford, 2002b), and thus, the parameters are not readily
obtainable via field measurements. Although their
model is experimentally challenging for quantitative
verification and may require simplifying assumption
for application, it is more realistic than ours in that it
accounts for the inability of the xylem to immediately
r ing
w ase
m del.
H can
r ther
t the
e uch
a e
s

ntial
i its
v a-
t nce,
a , the
m am-
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r t
a

4.1. Applications

In order to overcome the sensor noise, our anal-
ysis was done with a 17-day ensemble mean of sap
flux. Although temporal averaging can be used to
reduce noise, such averaging if done over a too long
of a period may mask changing parameter values with
changing environmental conditions. For example, the
time constant for nighttime stem recharge can increase
with decreasing soil moisture (Phillips et al., 1996).
Installing a sufficient number of sensors at each height
can also reduce the noise in the flux measurements
(Oren et al., 1998), thus producing a spatially averaged
flux, while preserving the temporal dynamics.

We show that flux measurements in multiple points
within and below the crown can account for the role of
tree hydraulics in regulating gas exchange. However,
for broader, ecological scale studies aiming at quan-
tifying biosphere–atmosphere exchange of mass and
energy, such intensive measurements are impractical
and probably unfeasible.Loustau et al. (1996)showed
that measurements of sap flux below the crown and
lower in the stem can be used to quantify the quantity
of water discharged and recharged in stems, and com-
bined with additional data estimated transpiration from
sap flux using anRC model (Loustau et al., 1998).

Although the spatial accuracy of the sap flux data
obviously increases as more probes are used to measure
at different heights, an advantage of our PM model,
which we now demonstrate, is that only two mea-
s bulk
t The
m ts is
o ottom
o ea-
s , and
d ents
t ner-
a
T h.

.8 m
a mea-
s erfor-
m pira-
t ring
w ble
fi od so
t PM
ecover upon re-wetting the conductivity lost dur
ater discharge. Inclusion of the de-wetting ph
ay represent an improvement for our PM mo
owever, our aim is to produce a model that

eadily serve to study the water flow at tree ra
han tracheid scale and thus, help in determining
cological variables related to transpiration rate, s
s stomatal conductance and CO2 flux, also at tre
cale.

On the other hand, there are several pote
mprovements to our model that may increase
ersatility. This includes explicit treatment of sp
ial inhomogeneity of conductance and capacita
nd branching structure. With such improvements
odel can be used to study the more fluctuating dyn

cs of sap flux, frequently observed in branches
eflected in ecosystem-level latent heat flux (Oren e
l., 1998; Phillips et al., 1999).
urements at different heights are required if the
ranspiration rate of the tree is the desired quantity.
ost ideal choice for these two measurement poin
ne near the tree base and the other one near the b
f the crown. However, due to thermal gradients, m
urements too near to the soil tend to be unreliable
ue to the influence of nearby branches, measurem

oo near to crowns with large branches may ge
te large spatial inhomogeneity (Loustau et al., 1996).
hus, sensors are best placed about 1 m from eac

We re-analyzed the flow obtained at 1.1 and 1
bove ground to simulate transpiration based on
urements made at two heights. We assessed the p
ance of the PM model to reproduce the bulk trans

ion based on two measurement heights by compa
ith the transpiration simulated based on all availa
ve measurement heights. We used the ODE meth
he test is made with the more practical of the two
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methods, and smoothed out the high frequency noise
using a moving average. Note that in general the aver-
aging process must be conducted within a time scale
much smaller than the characteristic time scale of the
simulated dynamic phenomena. For example, if the
averaging is taken within the time scale comparable
to the time lag of the sap flux, the simulated transpi-
ration might become smeared and lagged behind the
actual transpiration.

The ensemble mean diurnal pattern ofRg showed
a simple bell-shaped curve, closely followed by that
of the sap flux (Fig. 7(top)). The diurnal pattern
of VPD was a little more attenuated and displaced
later in the day. The bulk transpiration is almost
the same whether all five or only two measurement
heights are used (Fig. 7(bottom); N = 240, r2 = 0.99,
Max = 0.65 g m−2 s−1, RMSE = 0.026 g m−2 s−1). As
was observed in the analysis of the height-dependent
transpiration (Fig. 5), the time-lagged transpiration
based on the CC method rose at a lower rate in the morn-
ing, showed a strongly attenuated signal, and trailed
late into the night. We conclude that, to the extent that
transpiration was simulated well by the PM method
based on the five measurement heights, only two mea-
surement heights are necessary to obtain equally good
simulations.

Theoretically, this conclusion can be shown by mul-
tiplying Eq. (8) with A(x) and then integrating it over
x. After applying the boundary conditions,∣

=
w

Θ

Ξ

total
t
a
x
i a. As
l tion
w ture

content, the results of the 2-point calculation are con-
sistent with those of multiple-point calculations.

5. Conclusion

We develop a conifer hydraulic model using the
porous media analogy and theoretically analyze the
model to link its parameters to field observations. The
separation of the nighttime data from the daytime data
provides an isolated circumstance that allows us to ver-
ify the model independently. The nighttime analysis
relates the time lag (i.e., the relaxation time constant)
to the parameters of the retention and the vulnerability
curves. Considering the current theoretical and exper-
imental limitations, we propose that the model is most
practically useful in translating measured sap flux data
into transpiration rates. There are two primary advan-
tages of this model over the CC method: (1) there is
no need to shift the data to compensate the time lag
because it has been physically corrected through the
storage term; (2) there is no net water loss while con-
verting the measured sap flux data into the transpiration
rate because the entire water storage mechanism is
resolved. The disadvantage is that the porous media
model requires computation of a dynamic PDE. How-
ever, there exists an alternative ODE method, which is
much simpler yet produces results close to those from
the full PDE simulation. With transpiration rate calcu-
lated by the model in conjunction with VPD, bulk stom-
a es of
b ents
h ical
s xper-
i s the
r tance
t tmo-
s ne
c here
e
e
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port
f er-
s ci-
∂Θ(t)

∂t
+ ρgA0Kmax + Φ0Kmax

P
A0

∂θ(x, t)

∂x

∣∣∣
x=0

−Ξ(t),

here

(t) =
∫ H

0
A(x)θ(x, t) dx;

(t) =
∫ H

0
l(x)E(x, t) dx.

Therefore, the factors that affect the calculated
ranspirationΞ(t) are (1) the total moisture contentΘ(t)
nd (2) the slope of the moisture content∂θ(x, t)/∂x at
= 0. They are both obtained via Eq.(30) usingJ(x, t)

nterpolated or extrapolated from the measured dat
ong as the process of interpolation and extrapola
ell preserves the total mass, i.e., the total mois
tal conductance can be inferred. Such estimat
ulk stomatal conductance from sap flux measurem
ave broad applications in ecological and hydrolog
ciences. For example, they can be used in field e
ments at the whole plant or forest scale to asses
esponds of mean tree or canopy stomatal conduc
o anthropogenic perturbations such as elevated a
pheric CO2, added fertilization, or increases in ozo
oncentration, and to estimate biosphere–atmosp
xchanges of mass (CO2 and H2O) and energyScḧafer
t al., 2003).
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Appendix A

In this appendix, we detail the parameterization and
the non-dimensionalization of the model based on the
three constants,H, θsat, andη−, given in Section2.7.
First, sap flux is the quantity used to compare model
simulation with experimental data. It can be made
dimensionless by the factorHθsatη

−1, and the transla-
tion between the flux in SI units and the dimensionless
flux is: Hθsatη

−1 = 1068.94 g m−2 s−1.
Then we treat the physical constants, water density

(ρ) and gravitational acceleration (g), which are both
i lized
a

•
•

S two
p
α

α

s est
κ o
2
κ

rize
t i-
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s

not dip below 70% atΦ =−2 MPa. At worst, it is
still better than the general choice of constant capac-
itance (c) that allows a tree to have infinite stor-
age capacity if a very large water potential differ-
ence is applied. We point out in the Discussion sec-
tion that determination of the retention curve is not
important to the results because of the transpiration-
driving-sap-flux mechanism in the model. Consis-
tent with this description, we choose aP = 400
(dimensionless already), andΦ0 = 2870 MPa (SI
units) = 1.44× 1012H2θsatη

−2 (dimensionless units).
With κ =Φ0KmaxP−1 determined in the previous
paragraph, the maximum conductanceKmax can be
calculated asKmax= 1.52× 10−11η (dimensionless
units) = 5.47× 10−8 s (SI units).

To run the model, it is also necessary to obtain the
fitting constantsc2 andd of the vulnerability curve. Lin-
ear stability analysis shows that, under the assumption
that the moisture content is near the effective satu-
ration at night, these two constants do not affect the
dynamics of nighttime sap flux. However, it can affect
daytime runs and needs to be quantified. The vulnera-
bility curve was not measured in the 1996 experiment;
therefore, we resorted to an estimate from the litera-
ture (Ewers et al., 2000) with c2 = 3.5 (dimensionless
already) whiled = 3.41× 109 H2θsatη

−2 (dimension-
less units) = 6.8 MPa (conventional units). Although
the numbers were obtained from loblolly pine (Pinus
taeda L.), rather than Norway spruce, the effect is
minimal on our simulation results because of the
t del.
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m
r

t

i

κ

f

ndependent of trees. They can be non-dimensiona
s follows:

ρ = 103 kg m−3 = 1.74368θsat;
g = 9.8 m s−2 = 1.89× 107Hη−2.

The parameterization ofT and α is described in
ection2.7. The dimensionless values of these
arameters areT (=1.20× 10−4 s−1) = 0.433η−1 and

(=0.425 m−1) = 2.85H−1, respectively. AsT and
are known, we may solve Eq.(28) to find the

mallest positive root (corresponding to the larg
) of {α

√
[(4Tκ−1α−1) − 1]}/2, which equals t

.43 H-1 when α = 2.85H−1. Given T = 0.433η−1,
= 0.0546H2η−1 (=6.82× 10−4 m2 s−1).
While the data is not available to paramete

he retention curve in Eq.(5), we adopt an approx
ated description thatP has to be large, making t

lope steep nearΦ = 0, and chooseΦ0 so thatθ can-
ranspiration-driving-sap flux mechanism in the mo
Note that for the simplicity of formulation, th

odel simulations are done with dimensionless q
ities and the results are converted to SI units for
entation. However, dimensional quantities can als
sed for simulation, but the normalization consta
ust be restored to the formula. Therefore, Eq.(28)

estores to:
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,

f H is not normalized to 1. Eq.(22)also restores to:

= Φ0Kmax

HθsatP

or a non-normalizedθsat.
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