
Analytical approximation to the solutions of Richards' equation with
applications to in®ltration, ponding, and time compression

approximation

J.-Y. Parlange a,*, W.L. Hogarth b, D.A. Barry c, M.B. Parlange d, R. Haverkamp e,
P.J. Ross f, T.S. Steenhuis a, D.A. DiCarlo a, G. Katul g

a Department of Agricultural and Biological Engineering, Cornell University, 216 Riley-Robb Hall, Ithaca NY 14853 5701, USA
b Faculty of Environmental Sciences, Gri�th University, Nathan, Brisbane, Queensland 4111, Australia

c Department of Environmental Engineering, Centre for Water Research, University of Western Australia, Nedlands 6907 Western Australia
d Department of Geography and Environmental Engineering, Johns Hopkins University, Baltimore MD 21218, USA

e Laboratoire d'Etude du Transfert en Hydrologie et Environnement (LTHE/IMG, UJF, CNRS URA 1512), B.P. 53, 38041 Grenoble, France
f Division of Soils, CSIRO, Davies Laboratory, Townsville, Queensland 4814, Australia

g School of the Environment, Duke University, Durham NC 27708, USA

Received 24 November 1997; received in revised form 5 August 1998; accepted 6 April 1999

Abstract

A recent approach to solve Richards' equation is further improved. This approach brings understanding into the physical

processes of in®ltration and ponding. In particular we apply it to analyze the standard hydrologic tool of Time Compression

Approximation (TCA). We also suggest that the new approach provides a more reliable alternative to TCA, e.g. for predicting

ponding time. Ó 1999 Elsevier Science Ltd. All rights reserved.
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1. Introduction

Understanding water in®ltration, ponding and
drainage in soil relies on solving Richards' equation, or,
in one dimension, ®nding solutions to,
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where h is the water content. In the following we shall
assume for simplicity that the initial value of h is con-
stant with depth. Thus, we measure h as the moisture
content minus this initial value. D and K are the soil±
water di�usivity and hydraulic conductivity, respective-
ly, t is time and z the vertical distance from the soil
surface. We are ®rst going to review brie¯y a general
approach to solve Eq. (1).

We represent the solution to Eq. (1) as an expansion
in z, [8]

Zhs

h

Ddh

q�h=hs� ÿ K
� z�M�t�z2 � � � � ; �2�

with the bar denoting the variable of integration. Eq. (2)
is an extension of the formulations of Heaslet and Al-
ksne [5] and Parlange et al. [10]. Although higher order
expansions are possible, we obtain su�cient accuracy
keeping only the terms in z and z2, as shown [8]. Actu-
ally, keeping only the z-term is often accurate enough [7]
and the z2-term provides a further improvement. Here,
q is the surface ¯ux, hs the surface water content and
M�t� is an unknown function of time only. Note that
Eq. (2) should be used only if no region of the soil is
saturated. If saturation h � hsat, is obtained for z < zsat

(zsat is the location of the saturated front) then for
z > zsat, Eq. (2) should be replaced byZhsat

h

Ddh

q�h=hsat� ÿ K
� �zÿ zsat� �M�t��zÿ zsat�2 � � � � ; �3�

with q and zsat related by

q � Ksat�hs ÿ hstr�=zsat; �4�
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where hs ÿ hstr > 0 represents the matric potential mea-
sured at the surface above the water entry value.

In general, a boundary condition at the surface will
be provided, e.g., q�t� or hs�t� might be measured (sub-
script s refers to the surface). If one is given, then the
other as well as M�t� must be obtained by applying
Eq. (2).

Integration of Eq. (2) by parts yields

Zhs

0

Dhdh

q�h=hs� ÿ K
� I �M

Zhs

0

z2 dh� . . . ; �5�

where I is the cumulative in®ltration,

I �
Zhs

0

zdh �
Zt

0

qdt: �6�

For the present method to apply the z2-term in the
expansion should be small compared to the z-term, thus
we will estimate M

R hs

0
z2 dh in Eq. (5) with some ap-

proximations. This estimate can be then used to yield
hs�t� if q is known, for instance.

There are undoubtedly many ways to estimate M �R hs

0
z2 dh and, in the following, two possible examples are

given, which are applicable if D increases rapidly with h,
as is the usual case in practice for soil±water ¯ow. In
that case

R
z2 dh case behaves like I2=hs, (which is exact

when D is a delta function) and we can take

Zhs

0

z2 dh ' 2I2

Zhs

0

Ddh=S2�hs�; �7�

where S�hs� is the sorptivity for hs constant. The result is
exact for short times and also if D were a delta function.
Note that, if M is known, then Eqs. (5) and (7) can be
solved for I . If we impose that Eq. (2) satis®es Eq. (1) as
z! 0, we obtain

2M � q
hsDs

ÿ dhs

dt
1

qÿ Ks

; �8a�

where Ds � D�hs�. Note that M will normally be small,
i.e., the two terms in the RHS of Eq. (8a) may cancel
each other. Eqs. (5), (7) and (8a) give I for arbitrary soil
properties.

M would be strictly zero if,

q � hsDs

qÿ Ks

dhs

dt
�9�

or, by integration,

I '
Zhs

0

hDdh
qÿ K

; �10�

this can be compared with the estimate of I obtained
putting M�t� � 0 in Eq. (2), or

I '
Zhs

0

hD dh
q�h=hs� ÿ K

: �11�

Indeed if D increases rapidly with h, then most of the
contribution to the integrals occurs for h � hs and the
two estimates are close to each other. In fact, they are
identical, and then M � 0 exactly for the particular case
when q and hs are proportional, i.e.

q � Ahs; �12�
where A is a constant, whereas q and hs are functions of
time. Thus, the present approach yields an interesting
exact solution

z �
Zhs

0

D dh
Ahÿ K

; �13�

when Eq. (12) holds at the surface. This exact solution
can be used to obtain some insight into in®ltration,
drainage and ponding and will be discussed later. It can
also be used to check the accuracy of numerical schemes
[12].

Going back to Eq. (8a), some di�culties could arise
in its application if D�hs� is poorly de®ned, which will
often be the case especially near saturation. It is possi-
ble, however, to use Eq. (8a) to de®ne an ``e�ective''
D�hs�. To do so, we solve the problem of absorption (no
gravity) with hs constant. Then Eqs. (5), (7) and (8a)
give, with

I � S
��
t
p
; q � 1

2
S=

��
t
p
; �14�
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or

2hsDs �
Zhs

0

DdhS2

,
2hs

Zhs

0

Ddh

24 ÿ S2

35: �16�

Many accurate expressions for the sorptivity are
available [2,4,7,9,11]. Eq. (16) can then be used to ex-
press hsDs. On the other hand, if D is a well-behaved
function, then Eq. (15) can also be used to estimate S2,
e.g., if we take [1]

D � Ds�h=hs�n; �17�
Eq. (15) yields,

S2 � 2Dsh
2
s=�n� 3=2�; �18a�

which follows the form suggested by Brutsaert [2] and
Parlange [7] and agrees with all expressions for the ®rst
two orders for n large, i.e., for normal soils when n > 4
[1]. This, in turn, suggests that, in Eq. (16), the expres-
sion to be used for S2, could be
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S2 � 2h1=2
s

Zhs

0

h1=2Ddh: �19�

In general, the in¯uence of the second term on the
RHS of Eq. (2) tends to be small. For instance, drop-
ping the second term in the bracket of Eq. (15), �n�
3=2� is replaced by �n� 1� in Eq. (18a), and the error on
the sorptivity for n as low as 4 (about the lowest value
for a real soil) is only 5%. For a linear, i.e., unrealistic,
soil with n � 0, the second term is relatively large, and

the present theory should be used with caution. How-

ever, even then Eq. (18a) yields S ' 1:1547

����������
Dsh

2
s

q
, the

exact coe�cient is 1:1284�� 2=
���
p
p �, only a 3% error, but

without the second term the error jumps to 13%.
Eq. (19) presents a unique relationship between

sorption and basic soil hydraulic properties. For in-
stance such analytic relationship could be used to assess
the in¯uence of macro pores (which may cause a de-
crease in n) on sorption (e.g. Katul et al. [6]). Given that
Eq. (19) is more general than the widely used Green and
Ampt model, it could also be used to revisit the sorption
estimates of Clapp and Hornberger [3]. Instead of
Eq. (19) they estimate S2 by 2hs

R
Ddh (which is con-

sistent with the Green and Ampt model), so that for the
power law di�usivity they use their results for S2 should
be multiplied by �n� 1�=�n� �3=2��.

Not only could Eq. (8a) lead to di�culties if Ds is
poorly de®ned but it is somewhat less reliable than an
integral condition as well, as it involves an estimate of
derivatives of the water content near the surface. Thus if
the derivative has a signi®cant error the pro®le might
look too square, or not square enough. For instance if
the derivative is too small, and the pro®le too square,
then the derivative will be too large near the wetting
front, and vice versa. Thus an attractive alternative is to
impose that Eq. (2) satis®es Eq. (1) near the wetting
front, i.e. as h! 0 and average the result with the
condition at the surface. However the wetting front is
®nite only if D�0� � 0, otherwise if D�0� 6� 0 Eq. (2)
shows that z behaves like ln h as h! 0 and hence is
in®nite so that a small amount of water di�uses ahead of
the main pro®le [10]. To remove that small amount of
water we can simply replace D by �Dÿ D�0�� in Eq. (2)
to obtain a ®nite front at zF�t�. For di�usivities in-
creasing rapidly with h, the water ahead of the main
pro®le contains a very small amount of water and is

normally unimportant [10]. Then we obtain the condi-
tion

dzF

dt
� �1� 2MzF�q �8b�

instead of Eq. (8a). For instance in the case of D given
by Eqs. (17) and (8b)) yields, instead of Eq. (18a),

S2 � Dsh
2
s �n
��
� 1� 1

�
ÿ 1

2

��������������������
n=�n� 1�

p ��
; �18b�

which has essentially the same accuracy as Eq. (18a) for
n P 1, but with errors of opposite signs as expected. For
instance for n � 1 Eqs. (18a) and (18b) yield sorptivities
which di�er from the exact value on the third signi®cant
®gure, whereas the average di�ers on the fourth ®gure
only. For n P 6 the errors drop by an order of magni-
tude, see Table 1. Even though Table 1 shows that the
error of the estimates based on either Eq. (8a) or
Eq. (8b) is always very small, it is clear that using the
averages judiciously represents a signi®cant improve-
ment to the method, as expected. In the following not to
complicate the algebra we shall use condition (8a) only,
especially as it does not a�ect our conclusions.

2. Example of linear soils

Even though soils are not linear, this example pro-
vides a critical test of the approach since the results are
more accurate the more rapidly D increases with water
content. If we have D � Dsat; K � Ksath=hsat, we can
always take

Dsat � 1; Ksat � 1; hsat � 1 �20�
without loss of generality, if we use h=hsat as reduced
water content and tK2

sat=Dsat; zKsat=Dsat as new dimen-
sionless variables.

Cumulative in®ltration following saturation at the
surface is given exactly by [8]

I � 1� t ÿ 1
�
� t

2

�
erfc

��
t
p
=2

� �� �������
t=p

p
exp �ÿt=4�;

�21�
whereas the present model gives, using only Eq. (8a) so
we can apply directly an earlier result [8]

I � 3qI2=4 � 1=�qÿ 1�: �22�
In particular in the short time, gravity is unimpor-

tant, and up to terms of order t

Table 1

Exact values [10] and approximate values of S=�D1=2
s hs� for various values of n

n 1 2 3 4 5 6 7 8 9 10

Exact 0.88749 0.75305 0.66516 0.60213 0.55412 0.51599 0.48477 0.45861 0.43626 0.41689

Eq. (18a) 0.89443 0.75593 0.66667 0.60302 0.55470 0.51640 0.48507 0.45883 0.43644 0.41703

Eq. (18b) 0.87947 0.75053 0.66402 0.60150 0.55373 0.51574 0.48460 0.45848 0.43616 0.41681

Average 0.88695 0.75323 0.66535 0.60226 0.55422 0.51607 0.48483 0.45865 0.43630 0.41692
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I �21� ' 2
�������
t=p

p
� t=2�O�t3=2� �23�

and

I �22� ' 2
�������
t=3

p
� t=2� �t3=2�: �24�

In general Eqs. (21) and (22) di�er by less than 3%
[8], a remarkable result given that our approach is at its
worst for a linear soil. This small error is due to the fact
that Eq. (21) gives a sorptivity S � 2=

���
p
p

whereas
Eq. (22) is consistent with S � 2=

���
3
p

.
If, instead of imposing a constant h at the surface, we

impose a constant ¯ux, q; h at the surface is given ex-
actly by [8],

hs � q 1

�
ÿ �1� t=2� erfc

��
t
p
2
�

�������
t=p

p
exp� ÿ t=4�

�
�25�

and the present model yields [8]

�hs=q�2
1ÿ �hs=q� � t � 3

4
t2 q

hs

q
hs

�
ÿ 1

q
dhs=dt

1ÿ hs=q

�
; �26�

which is easily integrated. Again, concentrating on the
short-time behavior, Eqs. (25) and (26) give, respec-
tively,

hs�25� � q�2
�������
t=p

p
ÿ t=2�O�t3=2�� �27�

and

hs�26� � q�1:1105
��
t
p ÿ 0:48875t �O�t3=2��: �28�

If q is su�ciently large these equations can be used to
predict the ponding time or,

tp�25� � p=4q2 � p2=16q3 �O�1=q4� �29�
and

tp�26� � 0:8109=q2 � 0:6428=q3 �O�1=q4� �30�
which again di�er by less than 3%.

We are now going to apply the results above to an-
alyze the Time Compression Approximation (TCA) in
predicting the ponding time, tp, ®rst for a constant ¯ux.

3. TCA method

Being con®dent of the accuracy of the present meth-
od, it could be used as an alternative to other tech-
niques, like TCA. It can also be used to estimate the
error of other, less accurate, techniques, like TCA. As is
well known [13] the prediction of tp for a linear soil by
the TCA in the absence of gravity is not very good (19%
error), we can now explore the correction due to gravity.
As illustrated in Fig. 1 call t0p the prediction of the TCA
method, which assumes that Eq. (21) or Eq. (23) for
small gravity e�ect are relevant to a time s, such that at
that time the ¯ux predicted by Eq. (23) be equal to the
average rainfall rate,

q � 1=
�����
ps
p � 1=2� . . . ; �31�

then at that time, I , given by Eq. (23) is equal to qt0p,

qt0p � 2=
��������
s=p

p
� s=2� � � � �32�

Hence, eliminating s,

t0p � 2=pq2 � 3=2pq3 � � � � �33�
Comparing with Eq. (29) which yields the true value

of tp,

1ÿ t0p=tp � 1ÿ 8=p2�1ÿ �pÿ 3�=q�; �34�
when q!1, Eq. (34) of course shows an error of 19%,
case without gravity. Gravity expressed by the term
8�pÿ 3�=q makes the error slightly worse. Obviously
our new method is always much better than TCA, i.e.,
the error is always less than 3%. That is, we suggest that
instead of using TCA it would be far more accurate to
analyze the actual in®ltration problem with the new
analytical tool.

4. Application of exact solution to in®ltration, ponding,

and TCA

To pursue the analysis of TCA we are now consid-
ering a case when the rainfall rate is not constant, but is
proportional to the surface water content hs, i.e., q �
Ahs where A is a constant, so that M�t� � 0, and the ®rst
term in the expansion of Eq. (2) yields the exact solu-
tion. We ®rst neglect gravity and consider the di�usivity

D � Dsh: �35�
Note that A has the dimension of conductivity, and

since it is not a ®xed soil property it would be arti®cial to
take A � 1 as we did with Ksat in the previous section.
Hence we also take Ds 6� 1 and all variables have their
usual dimensions in the following. The solution with
hs � 1 at the surface needed to apply TCA is given by
our approximation with S2 � 0:8Ds (see Eq. (18a)), or

Fig. 1. Illustration of the time compression approximation when the

average rainfall rate, q, is given. The in®ltration rate for the case of

ponding from time zero is equal to q at time s, and the predicted

ponding time t0p, is such that the hatched areas above and below q are

equal.
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I �
�������������
0:8Dst

p
; q �

���������������
0:2Ds=t

p
: �36�

which is very accurate, i.e., less than 1/2%, see Table 1.
The exact solution, with q � Ahs at the surface, is

given by, see Eq. (5) for, K � M � 0,

I � 1

2
Ds

q2

A3
�37�

or

I � �A3=2Ds�t2; q � A3t=Ds: �38�
In particular, the ponding time is given when q � A or

A2tp � Ds: �39�
We can apply the TCA by equating the two ¯uxes

given by Eqs. (36) and (38) to de®ne a time s. Then I�s�
from Eq. (36) is taken equal to I�t0p� from Eq. (38) to
yield the approximate ponding time t0p,

A2t0p � 1:17Ds; �40�
a 17% error, comparable to the error of the previous
case.

However, in this case we can also use TCA in a dif-
ferent way, where I is used as surrogate for time, as
suggested by Smith et al. [14] and this method is illus-
trated in Fig. 2. Taking the I�q�, given by Eqs. (36) and
(37) as equal we obtain a particular value of I . For this
particular value of I , Eq. (38) yields, t0p, or,

A2t0p � 0:928Ds; �41�
which has only half the error of the estimate in Eq. (40),
and is of course a preferable way to apply the TCA. But
again our new approach, based on Eq. (5), is preferable
to this improved TCA (for this particular case it yields
the exact result).

Corrections due to gravity can also be considered
following Smith et al. [14] prescription. For instance
taking still D � Dsh and K � Ksh

2; q � Ahs, the exact
solution yields,

At ÿ z � Ds

Ks

ln
A

Aÿ Ksh
�42�

and, for hsat � 1,

tp � Ds

KsA
ln

A
Aÿ Ks

�43�

and for A� Ks, i.e., for small gravity corrections,

tp ' Ds

A2
� DsKs

2A3
� � � � �44�

Using the approximate theory for in®ltration when
hs � 1, yields, for q� 1,

I � 0:4
Ds

q
� 2DsKs

9q2
� � � � �45�

Equating this I�q� with the exact I�q�,

I � Dsq2

2A3
� 1

3

DsKsq3

A5
� � � � �46�

gives

q=A ' 0:928�1ÿ 0:0066 Ks=A� � � ��; �47�
which, used in the exact q�t� relationship,

A2t � Dsq=A� DsKsq2=2A3 � � � � �48�
gives

A2t0p � 0:928Ds � 0:424DsKs=A� � � � �49�
Interestingly, comparing this result to that of Eq. (44)

shows that the gravity correction increases slightly the
error of the estimate of ponding time. As in the case of
the linear soil gravity increases the error of the TCA,
because gravity delays the onset of ponding.

5. Conclusion

A new approximate method to solve Richards'
equation seems to be general, simple and accurate. It
may well prove to be the method of choice to estimate
the accuracy of standard hydrologic tools like TCA.
Thus this new method provides an additional hydrologic
tool, which can either be used directly to analyze in®l-
tration data or more generally to assess the reliability of
other techniques by considering simple examples, as we
have done here with TCA.
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