
AN INVESTIGATION OF HIGHER-ORDER CLOSURE MODELS FOR A
FORESTED CANOPY

GABRIEL G. KATUL1 and JOHN D. ALBERTSON2
1School of the Environment, Duke University, Durham, NC 27708-0328;2Department of

Environmental Sciences, University of Virginia, Charlottesville, VA 22903

(Received in final form 31 March 1998)

Abstract. Simultaneous triaxial sonic anemometer velocity measurements vertically arrayed at six
levels within and above a uniform pine forest were used to examine two parameterization schemes
for the triple-velocity correlation tensor employed in higher-order closure models. These parameter-
izations are the gradient-diffusion approximation typically used in second-order closure models, and
the full budget for the triple-velocity correlation tensor typically employed in third-order closure
models. Both second- and third-order closure models failed to reproduce the measured profiles
of the triple-velocity correlation within and above the canopy. However, the Reynolds stress ten-
sor profiles (including velocity variances) deviated greatly from the measurements only within the
lower levels of the canopy. It is shown that the Reynolds stresses are most sensitive to the para-
meterization of the triple-velocity correlation in these lower canopy regions where local turbulent
production is negligible and turbulence is mainly sustained by the flux transport term. The failure
of the third-order closure model to reproduce the measured third moments in the upper layers of
the canopy-top contradicts conclusions from a previous study over shorter vegetation but agrees with
another study for a deciduous forest. Whether the third-order closure model failure is due to the zero-
fourth-cumulant closure approximation is therefore considered. Comparisons between measured and
predicted quadruple velocity correlations suggest that the zero-fourth-cumulant approximation is
valid close to the canopy-atmosphere in agreement with recent experiments.
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1. Introduction

It has been demonstrated that scalar sources, sinks, and fluxes can be success-
fully related to mean scalar concentration profiles within the canopy sub layer
(CSL) via particle trajectory and Lagrangian dispersion models if vertical profiles
of the velocity statistics are known (e.g., Leclerc et al., 1988; Raupach et al., 1992;
Baldocchi, 1992; Katul et al., 1997a). One-dimensional canopy flow models, ca-
pable of reproducing many features of the velocity statistics profiles needed in
Lagrangian models, have been developed over the past three decades with vary-
ing complexity, limitations, and successes. These models range from conventional
mixing length models of eddy viscosity (Cionco, 1965, 1972; Cowan, 1968; Thom,
1971; Halldin and Lindroth, 1986) to higher-order closure models.

Limitations of first-order closure are well recognized (Shaw, 1977; Raupach,
1988; Wilson, 1989) though they are still widely employed in many research ar-
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eas such as: satellite-based observations of land-surface processes (Taconet et al.,
1986); circulation and mesoscale models (Sellers et al., 1986); the determination
of canopy aerodynamic properties such as zero-plane displacement, momentum
roughness heights, and drag coefficients (e.g., Kondo and Akashi, 1976; Albini,
1981; Massman, 1987, 1997; Raupach, 1994). First-order closure models that in-
troduce non-local contributions to the eddy viscosity have been proposed (e.g.,
Li et al., 1985), but such models typically require six empirical constants and
heuristic parameterizations of the non-local contributions. Furthermore, such mod-
els are based on the mean longitudinal momentum equation and cannot predict
the variances required by Lagrangian dispersion models. Closure at higher order
is necessary for modelling velocity variance profiles as needed in Lagrangian sto-
chastic models. Second-order closure models have been proposed and successfully
tested for short vegetation and, to a much lesser extent, forest stands (Wilson and
Shaw, 1977; Lewellen et al., 1980; Wilson, 1988).

A deficiency of second-order closure models is the flux-gradient approximation
of the triple-velocity correlation (Deardorff, 1978), which for canopy flows pro-
duces unrealistic momentum flux transport profiles near the canopy top. Meyers
and Paw U (1986) proposed a third-order closure budget for the triple-velocity
correlation, which related the fourth moment to second moments using a zero-
fourth cumulant expansion. For a maize canopy, Meyers and Paw U (1986) reported
good agreement between triple-velocity correlation predictions and measurements.
However, it appears that the second-order closure model of Wilson and Shaw
(1977) produced velocity variance estimates that are in closer agreement to mea-
surements for a similar maize canopy than the closure model predictions of Meyers
and Paw U (1986). Whether the inclusion of a budget for the triple-velocity cor-
relation tensor is a significant improvement over the flux-gradient approximation
remains questionable, especially if the closure model objectives are to predict ve-
locity variance profiles. Such comparisons are clouded by the additional difference
in the models of Meyers and Paw U (1986) and Wilson and Shaw (1977) with re-
spect to the pressure-velocity covariance parameterization, the latter using the form
proposed by Mellor (1973) and the former using parameterizations from Zeman
and Lumley (1976) and Zeman and Tennekes (1975). Hence, from the published
results alone, it is difficult to discern model improvements due solely to increasing
closure order for the triple-velocity correlation tensor. In fact, the decision as to
what order to close the equations for modelling second moments is inherent in
all closure modeling of high Reynolds number flows. The addition of budgets for
third- and higher-order moments does not always translate to improved predictions
of first and second moments given the difficulties in constructing “realizable” clo-
sure models for these higher moments (Launder, 1996; Lumley, 1978; Schumann,
1977).

The primary objective of this study is to investigate whether third-order closure
produces second-order velocity statistics profiles that are in closer agreement with
measurements when compared to those computed via a flux-gradient approxima-
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tion (second-order closure) in a forest stand. For this purpose, an experiment was
carried out in a 14 year old even-aged pine forest with a significant understory
component. Six sonic anemometers simultaneously measured all the velocity com-
ponents within and above the canopy for a wide range of wind and shear stress
conditions at the canopy top. A third-order closure model, with a triple-velocity
correlation budget identical to the budget of Meyers and Paw U (1986), but with all
other components of the Reynolds stress budget retained from the Wilson and Shaw
(1977) model, was used. The profiles of mean velocity, momentum flux, velocity
variances, components of the turbulent kinetic energy budget, and triple-velocity
correlations modelled from second- and third-order closure approximations were
compared with measurements from the pine forest. The outcome from this com-
parison will guide modeling the velocity statistics within the canopy for use in
Lagrangian dispersion models that estimate sources, sinks, and turbulent scalar
fluxes from mean scalar concentration profiles as in Raupach (1989) and Katul et
al. (1997a). Furthermore, the ability of such closure models to predict third-order
moments potentially used as inputs in random flight particle trajectory models is
also considered.

2. Theory

For a steady state, adiabatic flow, the time and horizontally averaged equations for
momentum and Reynolds stresses are:
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wherexi (x1 = x, x2 = y, x3 = z) are the longitudinal, lateral, and vertical
directions, respectively,ui (u1 = u, u2 = v, u3 = w) are the instantaneous velocity
components alongxi , p is the static pressure normalized by the air density,ν is the
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kinematic viscocity, (̄. ) and〈 . 〉 denote time and horizontal averaging, respectively,
primes and double primes denote departures from the temporal and horizontal
averaging operators, respectively, as discussed in Raupach and Shaw (1982). All
double primed terms in (1) arise because of horizontal averaging the multiply-
connected air spaces within the vegetation volume; hence, they are directly related
to vegetation effects on the flow statistics.

2.1. SECOND-ORDER CLOSURE APPROXIMATIONS OFWILSON AND SHAW

(1977)

In Wilson and Shaw (1977), the closure approximations for the mean momentum
equations are:〈
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Such an approximation assumes that the form-drag by the canopy can be modeled
as a general drag force and that the viscous drag can be neglected (relative to the
form drag), and it employsCd as a drag coefficient, andA as the plant area density
at heightx3. The closure for the Reynolds stress equations are similar to those
proposed by Mellor (1973):
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whereq =
√
〈u′iu′i〉 is a characteristic turbulent velocity,〈ε〉 is the mean rate of

viscous dissipation,λ1, λ2, andλ3 are characteristic length scales for the triple-
velocity correlation, the pressure-velocity gradient correlations, and the viscous
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dissipation, respectively, andC is a constant to be determined. As with typical
second-order closure models, the triple-velocity products are closed using a gradi-
ent diffusion approximation, the pressure-velocity gradients are modeled on return-
to-isotropy principles following Mellor (1973) and Donaldson (1973), and the
viscous dissipation is assumed isotropic and dependent on the local turbulence
intensity (Mellor, 1973). Upon replacing these approximations in Equation (1), and
assuming horizontal homogeneity and steady state, the Wilson and Shaw (1977)
model simplifies to:
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with

λj = ajL(z); j = 1, 2, 3
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wherek(= 0.4) is von Karman’s constant,α is a constant to be determined exper-
imentally,a1, a2, a3 andC can be determined such that the flow conditions well
above the canopy reproduce established surface-layer similarity relations (Monin
and Yaglom, 1971), and dz is the depth increment. With estimates of the five con-
stants (a1, a2, a3, C, andα), the five ordinary differential equations in Equation
(4) can be solved iteratively for the five flow variables〈ū〉, 〈u′w′〉, 〈u′2〉, 〈v′2〉,
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〈w′2〉. Details of the computational technique and determination of the constants
are presented in Appendix A.

2.2. THIRD-ORDER CLOSURE APPROXIMATIONS

A primary weakness in higher-order closure models is the gradient diffusion ap-
proximation for the triple-velocity correlation (see e.g., Deardorff, 1978; Sreeni-
vasan et al., 1982; Raupach, 1988). In particular, the closure scheme proposed by
Mellor (1973) and used by Wilson and Shaw (1977) results in zero flux transport
just above the canopy, which contrasts with laboratory and field measurements
collected over a wide range of roughness and morphologically different canopy
stands (Nakagawa and Nezu, 1977; Mulhearn and Finnigan, 1978; Maitani, 1978;
Raupach, 1981; Shaw et al., 1983; Meyers and Paw U, 1986; Nagano and Tagawa,
1990, 1996; Raupach et al., 1991; Katul et al., 1997b). Meyers and Paw U (1986)
proposed a simplified budget for one plane out of the third-order tensor (referred
to here as triple-velocity correlation) and used a zero-fourth cumulant approxima-
tion to relate fourth and second moments (see Appendix B). For a horizontally
homogeneous flow, this budget reduces to:
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In the triple-velocity correlation budget, closure is achieved by parameteriz-
ing the pressure and molecular terms using a simplified return-to-isotropy scheme
proposed by André et al. (1981):〈
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whereC8 is a constant (C8 = 9 in Meyers and Paw U, 1986, andC8 = 8 in André
et al., 1981; the subscript 8 is used for notational consistency with other studies),
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andτ = q2/〈ε〉 is a relaxation time scale. We note that the original formulation of
André et al. (1981) did not include the dissipative part (= Mij3). Terms involving
〈∂p"/∂xi〉 are parameterized as in Wilson and Shaw (1977) using the drag force
analogy.

For consistency in closure model comparisons, we revised the Meyers and Paw
U (1986) Reynolds stress equations so that the pressure-velocity correlation is
modeled after Wilson and Shaw (1977) rather than Zeman and Lumley (1976) and
Zeman and Tennekes (1975). The dissipation term in both Wilson and Shaw (1977)
and Meyers and Paw U (1986) are identical. Hence, the primary difference between
the two closure models studied here is the addition of a budget for the triple-
velocity correlation. With such closure approximations, the modified third-order
closure model of Meyers and Paw U (1986) can be written as:
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This system of equations can be solved numerically for the nine unknowns〈ū〉,
〈u′w′〉, 〈u′2〉, 〈v′2〉, 〈w′2〉, 〈w′u′w′〉, 〈w′u′u′〉, 〈w′v′v′〉, 〈w′w′w′〉. Note that the
zero-fourth cumulant approximation as applied to the triple-velocity correlation
budget yielded a flux-gradient parameterization for〈w′v′v′〉 and〈w′w′w′〉. Nonethe-
less, the terms〈w′u′u′〉 and〈w′u′w′〉, include both ‘local’ gradients (e.g., d〈u′2〉/dz
and d〈w′2〉/dz) and ‘non-local’ contributions modelled in terms of〈ū〉2. The clo-
sure models in Equations (4) and (6) were applied to the pine forest stand and
compared to the velocity measurements described next.

3. Experiment Setup

3.1. THE SITE

An experiment was carried out from May 25, 1997 until June 11, 1997 at the Black-
wood division of the Duke Forest near Durham, North Carolina (35◦98′ N, 79◦8′W,
elevation = 163 m). The site is an even-aged loblolly pine stand, established from
seedlings planted at 2.4 by 2.4 m spacing in 1983 following clear-cutting and burn-
ing. Details about the site, understory species composition, and general climatic
conditions can be found in Ellsworth et al. (1995) and Katul et al. (1997a). The site
is equipped with a 20 m tall aluminum walkup tower. The average canopy height
(h) neighboring the tower is 14 m (±0.5 m).

3.2. INSTRUMENT SETUP

The three velocity components (ui) and virtual potential temperature (Ta) were
measured at six heights using five Campbell ScientificCSAT3 triaxial sonic
anemometers (sonic path length = 10 cm) and aSolent Gill sonic anemometer
(sonic path length = 14.9 cm). TheCSAT3sonic anemometers were positioned
at z = 4.15, 5.95, 9.65, 13.16, and 15.91 m above the soil surface. TheCSAT3
anemometer transducer heads were positioned at least 60 cm from the nearest
foliage to avoid sonic wave interference from leaves. OneSolent Gillanemometer
was mounted on a short boom attached to the tower, at 20.70 m above the ground
surface. A comparison between theCSAT3and theSolent Gillsonic anemometers
was performed on October 11–13, 1997, to assess any systematic biases between
the two sonic designs. The two anemometers were positioned atz/h = l.14 sepa-
rated by 0.9 m horizontally. The comparison, shown in Table I, demonstrates that
no systematic biases in the turbulent velocity statistics arise from using these sonic
anemometer types.



HIGHER-ORDER CLOSURE MODELS FOR A FORESTED CANOPY 55

TABLE I

Comparison between theCSAT3and theSolent Gillanemome-
ter (SG) velocity statistics atz/h = 1.14 for 88 half-hour runs.
The regression modely = Ax + B is used to assess systematic
biases in measured flow statistics, wherey are theCSAT3and
x are the SG measured flow statistics. For completeness, the
mean air temperature (〈T 〉), the temperature standard deviation
(σT ), and the sensible heat flux (H ) are shown. The coefficient
of determination (R2) and the standard error of estimate (SEE)
are also shown.

Variable Slope (A) Intercept (B) R2 SEE

〈ū〉 (m s−1) 0.94 0.17 0.963 0.08

〈T 〉 (◦C) 1.26 −4.0 0.996 0.27

σu (m s−1) 0.99 0.03 0.993 0.02

σv (m s−1) 0.99 0.023 0.991 0.03

σw (m s−1) 0.99 −0.003 0.998 0.007

σT (◦C) 1.00 0.051 0.941 0.05

u∗ (m s−1) 1.01 −0.007 0.980 0.02

H (W m−2) 1.04 0.53 0.992 7.05

3.3. DATA COLLECTION

All 24 analog signals were sampled at 10 Hz using aCR9000Campbell Scientific
data logger positioned at the base of the tower, and saved by a portable computer.
The experiment produced 171 runs, each representing a 30-minute sampling du-
ration (18,000 measurements per flow variable, per run). Of the 171 runs, 64 runs
were collected during night-time conditions and were excluded from the present
analysis. The experiment resulted in 69 runs satisfying three criteria: (1) the mean
wind direction was between 110◦ and 250◦ (minimizing tower interference for the
CSAT3anemometers above the canopy), (2) the standard deviation of the wind di-
rection did not exceed 50◦, and (3) theu∗ measured by the Solent Gill anemometer
exceeded 0.15 m s−1. The selected 69 runs form an ensemble at each height to
which closure model predictions will be compared.

3.4. THE LEAF AREA INDEX (LAI ) PROFILE MEASUREMENT

The shoot silhouette area index, a value analogous to the leaf area index (LAI),
was measured in the vertical at 1 m intervals by a pair ofLICOR LAI 2000plant
canopy analyzers on June 4, 1997. The methods for converting shoot silhouette
index to LAI for this stand is described in Ellsworth et al. (1995). The overall LAI
for this stand is 3.82 m2 m−2, with much of the foliage concentrated atz = 8.5 m
(see Figure 1).
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Figure 1.Comparison between modeled and measured profiles of〈ū〉, 〈u′w′〉, 〈u′2〉1/2, 〈w′2〉1/2, and
q. The solid line is for third-order closure, the dotted line is for second-order closure,u∗ is defined
at the canopy top (z/h = 1), and the squares are ensemble measurements from the 69 runs. The
triangles are±1 standard deviation of normalized flow variables. The leaf area index profile (LAI)
normalized by canopy height (h) is also shown (top left panel).
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4. Results and Discussion

In this section, comparisons between third- and second-order closure model pre-
dictions and measurements are presented in order to assess whether closure beyond
order two significantly improves the modeled profiles of〈u′iu′j 〉. Furthermore, the
zero-fourth cumulant approximations for the quadruple-velocity correlation tensor
(see Appendix B) is examined with measurements to further assess whether such
closure approximation is reasonable for CSL flows.

4.1. COMPARISONS WITH MEASUREMENTS

4.1.1. First and Second Moments
In Figure 1, the ensemble averages of the measured profiles of normalized LAI,〈ū〉,
〈u′w′〉, 〈u′2〉1/2, 〈w′2〉1/2, andq are shown with bounds of one standard deviation.
As in all canopy sublayer field experiments, it is assumed here that the collection of
time averages, when properly normalized, forms an ensemble of realizations. The
modeled profiles from the second- and third-order closure models are also shown
and compared to the measurements in Table II. Both models reproduce well the〈ū〉,
〈u′w′〉, 〈u′2〉, 〈u′2〉1/2 profiles within the canopy (z/h < 1), but overestimate the
〈w′2〉1/2 profile, especially forz/h < 0.4. Interestingly, this overestimation is also
apparent in the model results of Meyers and Baldocchi (1991), Meyers and Paw U
(1986), and Wilson and Shaw (1977). Furthermore, the mean momentum equations
in Equations (4) and (6) produce a constant stress with height forz/h > 1, thus
failing to reproduce the observed momentum flux increase above the canopy. What
is important to note is that the difference between second- and third-order closure
model predictions is not large with respect to the scatter in the measurements.
Hence, from Table II, no apparent advantage to using the more complex parameter-
ization of Meyers and Paw U (1986) over the simpler parameterization of Wilson
and Shaw (1977) is evident.

4.1.2. Third-Order Moments
The success of random-flight models (RFM) to predict scalar transport in non-
Gaussian turbulent flow fields is motivating the development of closure models for
third-order moments (Raupach, 1988) that can be used in conjunction with RFM.
Random-flight models use a generalized Langevin equation with non-Gaussian
random forcing increments to model the particle trajectory (Sawford, 1986; Saw-
ford and Guest, 1987). This is in contrast to the Gaussian random increments used
in random-walk models. Hence, investigating how well higher-order closure mod-
els reproduce third moments is necessary prior to using them in RFM. In addition,
the overestimation of〈w′2〉1/2 for z/h < 0.4 (discussed in Section 4.1.1) may
well be related to the inability of these higher-order closure models to predict third
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TABLE II

Comparison between eddy-covariance measured (EC) and closure model computed flow statistics (CL) using linear regression. The
slope (A), the intercept (B), the coefficient of determination (R2), and the standard error of estimate (SEE) for the regression model
y = Ax + B, wherey = CL andx = EC are shown. The root-mean-squared error (RMS) between closure model predictions and
measurements is also tabulated.

Closure Regression 〈ū〉 〈w′u′〉 〈u′u′〉 〈w′w′〉 q 〈w′u′u′〉 〈w′w′w′〉 〈w′u′w′〉
2nd A 1.1 0.80 0.70 0.60 0.57 0.11 0.2 0.11

B −0.37 −0.09 0.36 0.43 0.71 −0.03 −0.07 0.03

SEE 0.32 0.14 0.19 0.06 0.23 0.19 0.91 0.07

R2 0.98 0.92 0.92 0.95 0.91 0.10 0.37 0.31

RMS 0.11 0.02 0.08 0.03 0.31 0.48 0.11 0.27

3rd A 1.1 0.77 0.69 0.60 0.57 0.17 0.17 0.13

B −0.41 −0.11 0.39 0.42 0.72 −0.03 −0.08 0.032

SEE 0.32 0.13 0.18 0.07 0.22 0.2 0.09 0.10

R2 0.98 0.93 0.92 0.96 0.92 0.19 0.29 0.24

RMS 0.13 0.023 0.08 0.03 0.31 0.42 0.11 0.26
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moments, particularly〈w′3〉. Recall that the vertical velocity variance budget, given
by

− d

dz
(〈w′w′w′〉)− q

3λ2

(
〈w′2〉 − q

2

3

)
− 2

3

q3

λ3
= 0, (7)

suggests that〈w′2〉1/2 is affected directly by the gradient of〈w′3〉, especially for
flow regions whereq is small. For these two reasons, a comparison between the
measured triple-velocity correlation tensor and predictions made using the third-
moment budget is performed. The gradient-diffusion calculations (of the second-
order model) are also shown for comparison and are presented in Table II.

In Figure 2a, the measured ensemble of〈w′u′u′〉, 〈w′3〉, 〈w′u′w′〉 are compared
with predictions from gradient-diffusion theory and third-moment budgets (see Ta-
ble II). For〈w′3〉/u3∗, both closure model predictions agree with each other but sig-
nificantly underestimate the vertical velocity skewness found in the measurements
(by about 80%). The closure model agreement with each other is not surprising
since the zero-fourth cumulant expansion does not introduce any “non-local” con-
tribution to 〈w′3〉, as evidenced by Equation (6). That is, the third-order closure
model of Meyers and Paw U (1986) can be reduced to a gradient-diffusion model
for 〈w′3〉. The modelled〈w′3〉 profile by both closure models result in d〈w′2〉/dz
magnitudes smaller than the observed values, which is consistent with the over-
estimation of〈w′2〉1/2 noted in Figure 2. Specifically, the modeled d〈w′2〉/dz near
z/h = 0.4 is underestimated by a factor of 5 (see Figure 2b). In these lower canopy
layers,q is small (see Figure 1) and the flux transport term is the most important
term for sustaining turbulence, and hence, the modeled profiles of〈w′2〉1/2 are
markedly influenced by d〈w′3〉/dz.

This point will be further discussed in Section 4.3, which considers the individ-
ual components of the turbulent kinetic energy budget.

For 〈w′u′u′〉 and 〈w′u′w′〉 profiles, the third-order closure shows minor im-
provements over second-order closure, though the disagreement with measure-
ments remains large (up to 90% underestimation as evidenced by Table II). In
fact, for the upper canopy component (z/h > 0.6), both closure models fail to
reproduce the measured profiles to within a standard deviation. For comparison,
Figure 2a includes the〈w′u′w′〉/u3∗ from the maize canopy of Meyers and Paw
U (1986) (see ‘+’ symbols), the corn canopy of Shaw and Seginer (1987) (see
‘∗’ symbol), and the deciduous forest of Meyers and Baldocchi (1991) (see ‘×’
symbol). These measurements all suggest that〈w′u′w′〉/u3∗ does not vanish close
to z/h = 1 (in fact the data in Meyers and Baldocchi, 1991, peaks atz/h = 1).
Both closure model predictions result in〈w′u′w′〉/u3∗ → 0 asz/h→ 1.1, which is
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Figure 2a.Same as Figure 1 but for〈w′u′w′〉, 〈w′u′u′〉, and〈w′3〉. The ‘+’ symbols represent the
maize measurements in Meyers and Paw U (1986), the ‘∗’ symbols represent the corn measure-
ments of Shaw and Seginer (1987), and the ‘×’ symbols represent the measurements of Meyers and
Baldocchi (1991).
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Figure 2b. Comparison between measured (open circles) and modeled〈w′3〉 gradients. The ‘+’s

are 〈w′3〉 gradients from the third-order closure model computed using the same heights as the
measurements, while the ‘∗’ are from the second-order closure model.

unrealistic. In Raupach (1981), Shaw et al. (1983), and Katul et al. (1997b), it was
demonstrated that the dimensionless moments (M3ij ), defined by

〈w′u′iu′j 〉
σwσuiσuj

= M3ij = aij 1So;

where

1So = 〈w
′u′〉(2) − 〈w′u′〉(4)
〈w′u′〉

〈w′u′〉(k) = 〈Iku′w′〉

I2 =
{

1 if w′ < 0, u′ > 0 (sweep)
0 otherwise

I4 =
{

1 if w′ > 0, u′ < 0 (ejection)
0 otherwise
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Figure 2c.The profiles of measuredM3ij and1So within and above the canopy. A positive1So at

heightz indicates that sweeps give the dominant contribution to〈u′w′〉 locally.

are functions of1So. Here,1So represents the relative contribution of the ejection
and sweep eddy motions on the mean momentum flux. The magnitude of1So
is strongly influenced by large excursions inw′, u′ associated with gusts in the
free air stream above the canopy. The double-overbar is a conditional average over
non-zero values ofIk, Ik is the indicator function, andaij are constants derived
from experiments. In Figure 2c, the measured1So ensemble profile along with
the dimensionless momentsM3ij are shown. In agreement with numerous field
experiments (see Katul et al., 1997b, for review), sweeps dominate the momen-
tum transport mechanics in the canopy sublayer (z/h = 0.3–1.5). Such sweeping
motion is dominated by intense, intermittent, downward-moving gusts emanat-
ing from above the canopy with a characteristic length scale comparable toh

(Raupach, 1988). It is clear from Figure 2c that the1So profile describes well
the third-order moment profiles (see Table III for details) suggesting that pro-
files of 〈w′u′iu′j 〉 are strongly influenced by such sweeping motion. Hence, this
analysis demonstrates that closure models that can explicitly consider the ejection-
sweep properties, with its ‘course-grain’ length scale may be better suited to model
〈w′u′iu′j 〉 than ‘fine-grain’ gradient-diffusion models.
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TABLE III

Statistical analysis of the influence of sweeping motion,
as modeled by1So, on M3ij . The regression model
M3ij = aij 1So + bij is used. The coefficient of deter-

mination (R2) and the standard error of estimate (SEE) are
also shown. Values in square brackets are calculated from
Raupach’s (1981) wind tunnel experiment.

M3ij Slope (aij ) Intercept (bij ) R2 SEE

M311 −1.62; [−2.7] 0.003 0.84 0.12

M322 −1.18; [N/A] −0.02 0.71 0.13

M333 −1.04; [−1.6] −0.32 0.25 0.29

M313 +1.72; [1.4] −0.06 0.72 0.18

Despite this failure of gradient-diffusion closure, the modelled〈u′w′〉, and
〈u′2〉1/2 profiles within the upper canopy layers agree with the measurements. As
we demonstrate in Section 4.3, turbulence in these upper canopy layers is influ-
enced by many other mechanisms (e.g., shear and wake-production), which tends
to reduce the sensitivity of〈u′w′〉 and 〈u′2〉 profiles to the modeling of〈w′u′u′〉
and〈w′u′w′〉. The failure of the third-order closure model to reproduce〈w′u′w′〉
in the upper canopy layers is at variance with earlier analysis by Meyers and Paw
U (1986), who concluded that the third-order closure model reproduced well the
measured〈w′u′w′〉 inside the canopy. We proceed to investigate whether the third-
order closure model’s failure in reproducing〈w′u′w′〉/w3∗ is due to the truncation
of cumulants at fourth order or due to the parameterizations involved in the other
terms of the〈w′u′iu′j 〉 budget.

4.2. THE ZERO-FOURTH CUMULANT APPROXIMATION

Whether the use of the zero-fourth cumulant approximation is valid for high
Reynolds number flows is somewhat controversial. As discussed in Monin and
Yaglom (1975, p. 407) and Brodkey (1967, pp. 300–301), the truncation of cu-
mulants can lead to non-physical solutions which conflict with the requirement
that the spectrum of moments be everywhere non-negative. However, such ex-
pansions have modelled well some higher-order moments (Antonia and Luxton,
1974), and were successful in linking the ejection-sweep properties to the triple-
velocity correlations as was demonstrated by Nakagawa and Nezu (1977), Wyn-
gaard and Sundararajan (1977), Raupach (1981), Shaw et al. (1983), Baldocchi
(1989), Nagano and Tagawa (1990), and more recently in Katul et al. (1997b).
These studies demonstrated that retaining the few important cumulants is sufficient
to capture many basic flow properties. In Figure 3, measured and predicted profiles
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of 〈w′4〉, 〈u′4〉, 〈w′3u′〉, 〈w′2u′2〉, 〈w′u′3〉 are compared for all 69 runs. The nor-
malization in Figure 3 was not based onu∗, but was applied such that thew′ and
u′ time series have zero mean and unit variance. While the zero-fourth cumulant
expansion reasonably reproduced measurements at 5 levels (in agreement with
Meyers and Baldocchi, 1991), it failed to reproduce measurements atz = 9.65 m,
which neighbors the level of maximum LAI. Recall from Figure 2a that this height
is the most important level since the predicted peaks in〈w′u′w′〉, 〈w′u′u′〉, and
〈w′3〉 occur in its vicinity. What remains to be investigated is what processes are
most significant in different regions of the canopy and whether these processes
inject ‘added sensitivity’ to the parameterization of〈u′iu′ju′k〉. For this purpose,
components of the turbulent kinetic energy budget are considered.

4.3. COMPONENTS OF THE TURBULENT KINETIC ENERGY BUDGET

The modelled components of the turbulent kinetic energy budget profiles of shear
production (Pshear), wake production (Pwake), dissipation (Pdissipation), and turbulent
transport (Ptransport) are shown in Figure 4 for both closure models. The normaliza-
tion in Figure 4 is based onu∗ andh for velocity and length scales, respectively.

As expected, the third-order closure model correctly predicted a negativePtransp

while the second-order closure model predicted an unrealisticPtransport= 0 near
z = h. Both closure models correctly simulated a positivePtransport in the sub-
canopy suggesting that inside the deeper canopy layers, turbulence is sustained by
this term (see review by Kaimal and Finnigan, 1994; Meyers and Baldocchi, 1991).
As evidenced from Figure 4, the wake and shear production terms are negligible
in comparison to the dissipation and transport terms forz/h < 0.4 (i.e., below the
bulk of the foliage), corresponding to low values ofq in this region. It is for this
reason that the modelled〈w′2〉 is so sensitive to the parameterization of the〈w′3〉
gradient noted in Figures 1 and 2a,b (forz/h < 0.4). In the upper canopy layers,
shear and wake production (both of which are strictly functions of first and second
moments) become the main contributors to the turbulent kinetic energy budget;
hence, the sensitivity of〈u′w′〉, 〈u′2〉1/2 and〈w′2〉1/2 to the parameterization of the
triple-velocity correlation is reduced. Although the turbulent kinetic energy budget
of Figure 4 is not explicitly used in Lagrangian stochastic models, such calculations
do provide a framework for assessing which regions of the canopy flow domain
are likely to be sensitive to errors in closure approximations for a given leaf area
density profile.

5. Conclusions

This study demonstrated the following:
(1) For modelling〈ū〉, 〈u′w′〉, 〈u′2〉1/2, 〈w′2〉1/2 in plant canopies, no clear ad-

vantage is evident in closing the equations of motions beyond order 2.
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Figure 3.A comparison between measured (Xm denotes a measuredX variable) and modelled fourth
moments by the cumulant expansion method for all 69 runs and all six levels (plus is for 4.15 m; open
circle is for 5.95 m; cross is for 9.65 m; open square is for 13.16 m; diamond is for 15.91 m; solid
dot is for 20.7 m). The 1 : 1 line is also shown.
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Figure 4.Components of the turbulent kinetic energy budget for the second- (dotted line) and third-
(solid line) order closure models.
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(2) Good agreement between measured and predicted profiles of〈ū〉 and〈u′w′〉
by the two closure models was noted, in agreement with previous experiments over
shorter vegetation.

(3) For the lower canopy layers (z/h < 0.4), the modelled〈w′2〉1/2 did not agree
well with the measurements, although better agreement was noted for the upper
canopy layers (z/h > 0.6). The systematic disagreement between closure model
predictions and the measurements for the lower canopy layers is also evident for
shorter vegetation and a deciduous forest. This disagreement is attributed, in part,
to the sensitivity of these statistics to the flux transport parameterization in these
layers.

(4) Both, second- and third-order closure models failed to reproduce the mea-
sured values of〈w′u′w′〉, 〈w′u′u′〉, and〈w′3〉 close to the canopy-atmosphere inter-
face. This trend is consistent with the measurements and model results of Meyers
and Baldocchi (1991) for a deciduous forest.

(5) The measured profiles of〈w′u′w′〉/u3∗ from this experiment suggest that
this statistic is significant in magnitude just above the canopy (z/h = 1− 1.2) in
agreement with other experiments. The second- and third-order closure models are
unable to capture this. As demonstrated by Katul et al. (1997b), Shaw et al. (1983),
Raupach (1981), and Nakagawa and Nezu (1977), this moment is controlled by
the relative contributions of ejections to sweeps; hence, Reynolds-stress closure
models that account for non-local effects (e.g., ejection-sweep cycle) are necessary
to achieve proper closure for〈w′u′w′〉.

(6) The application of a zero-fourth cumulant approximation is reasonable near
the canopy-atmosphere interface in agreement with earlier conclusions by Meyers
and Baldocchi (1991) and Shaw and Seginer (1987) but it failed to reproduce the
measured〈u′iu′j u′ku′l〉 by a factor of 2 to 3 at the maximum leaf area index level.
This result is also in qualitative agreement with Shaw and Seginer (1987).
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Appendix A. Determination of the Closure Constants and Computational
Algorithm

A.1. DETERMINATION OF a2, a3, AND C

In the neutral atmospheric surface layer (ASL), the basic equations in the Wilson
and Shaw (1977) model can be matched asymptotically to reproduce the flow
statistics since: (1) gradients in triple-velocity correlations are negligible, (2) the

velocity standard deviationsσui =
√
u′2i vary linearly withu∗, (3) the mean velocity

gradient varies withu∗ andz, and (4) the characteristic lengthL(z) = kz. Starting
with

σu = Auu∗
σv = Avu∗
σw = Awu∗
q =

√
(A2

u +A2
v +A2

w)u∗ = Aqu∗
du

dz
= u∗
kz
; u2

∗ = −u′w′,

whereAu, Av, andAw are known (e.g., Shaw et al., 1974), a relationship between
a2, a3, andC as a function ofAu, Av, andAw can be derived. By replacing the
above surface-layer approximations in the Wilson and Shaw (1977) closure model
for 〈u′w′〉, 〈w′w′〉, and〈u′u′〉 we obtain:

a−1
2

(
A2
w −

A2
q

3

)
+ a−1

3 (2A2
q)+ C(0) = 0

a−1
2

(
A2
u −

A2
q

3

)
+ a−1

3 (2A2
q)+ C(0) =

6

Aq

a−1
2

(
1

3Aq

)
+ a−1

3 (0)+ C(1) =
(
Aw

Aq

)2

.

These three equations can be solved fora2, a3, andC. From the measurements in
Shaw et al. (1974),Au = 1.87, andAv = Aw = 1.22 resulting ina2 = 0.85,a3 =
16.58, andC = 0.0771.
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A.2. DETERMINATION OF al

Assuming thatqλ1 = kzu∗ and noting thatλ1 = a1(kz) in the ASL results in
a1 = 1/Aq . For the measurements by Shaw et al. (1974),Aq = (6.5)1/2 and
a1 = 0.392. As evident, the constantsa1, a2, a3, andC are dependent onAu, Av,
andAw. We decided not to use directly our measuredAu, Av, andAw to further
examine the applicability ofa1, a2, a3, andC for stands very different from the
maize canopy of Shaw et al. (1974). Furthermore, by computing these constants
using another data set, all the 6 levels can be used in the comparison between
model predictions and measurements vis-à-vis the anchoring of variances at the
highest measurement level of the present experiment.

A.3. DETERMINATION OF α AND Cd

Sinceα andCd are dependent on the canopy rather than flow properties, we chose
the optimum combination ofα andCd such that the simulated and measured〈ū〉
have the least standard error of estimate. In these models,Cd andα were permitted
to vary from 0.10 to 0.35 and 0.05 to 0.2, respectively. The resulting optimum
parameter combinations areCd = 0.20 andα = 0. 14. The optimizedCd (constant
with depth) is in good agreement with otherCd values reported for a Ponderosa
pine forests (= 0.16 in Li et al., 1986). An estimate ofCd by Massman (1987) for
a mature Scots pine of Halldin and Lindroth (1986) resulted in a highCd(= 0.3)
value. TheCd = 0.3 estimate did not consider shelter effects correction (Raupach
and Thom, 1981) which tend to appreciably reduceCd . However,α = 0.14 was
larger than the Wilson and Shaw (1977) value for maize by a factor of 2.

A.4. NUMERICAL TECHNIQUES

The computational flow domain was set to 2 h, with1z = 0.05 cm resulting in 560
grid nodes, where1z is the grid node spacing. This grid density was necessary
due to the variability in LAI profile. Also, with such a small1z, smoothness
and capturing all variability in the gradients is likely. Boundary conditions were
specified as:

z = 0


σu = 0
σv = 0
σw = 0
u∗ = 0
〈ū〉 = 0

z = 2h


σu = Auu∗
σv = Avu∗
σw = Awu∗
u∗ = 1
〈ū〉 = Amu∗,
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whereAu, Av, andAw are from Shaw et al. (1974), andAm at z/h = 2.0 is deter-
mined by extrapolating logarithmically the value measured atz/h = 1.47 by the
Gill sonic anemometer. The five ordinary differential equations (ODEs) in Equa-
tion (4) were first discretized by central differencing of all derivatives. An implicit
numerical scheme was constructed for each ODE with the boundary conditions
stated above. The tridiagonal system, resulting from the implicit forms of these
discretized equations, was solved using theTridag routine in Press et al. (1992, pp.
42–43) for each second order ODE to produce the turbulent statistic profile. Profiles
for all variables were initially assumed and a variant of the relaxation scheme de-
scribed in Wilson (1988) was used for all computed variables. Relaxation factors as
small as 5% were necessary in the iterative scheme because of the irregularity in the
LAI profile. Convergence is achieved when the maximum difference between two
successive iterations forq did not exceed 0.1%. The same procedure was adopted
for the third-order closure model. We ran the closure models for1z = 0.01, 0.02,
0.05, and 0.1 cm and checked that all solutions were independent of1z.

Appendix B. Reduction of Fourth Moments to Second Moments via
Zero-Fourth Cumulant Expansions

The relationship between central moments and cumulants of order 4 is given by
(Monin and Yaglom, 1971, p. 230; Gardiner, 1983, p. 35):

〈〈X1X2X3X4〉〉 = Co − C1+ 2C2− 6C3,

where〈〈.〉〉 indicates a cumulant operator,〈.〉 indicates an averaging operator,X1,
X2,X3, andX4 are arbitrary variables, andC0, C1, C2, andC3 are given by:

C0 = 〈X1X2X3X4〉

C1 = D1+D2

D1 = 〈X1〉〈X2X3X4〉 + 〈X2〉〈X1X3X4〉 + 〈X3〉〈X1X2X4〉

+ 〈X4〉〈X1X2X3〉

D2 = 〈X1X2〉〈X3X4〉 + 〈X1X3〉〈X2X4〉 + 〈X2X3〉〈X1X4〉

C2 = 〈X1〉〈X2〉〈X3X4〉 + 〈X1〉〈X3〉〈X2X4〉 + 〈X1〉〈X4〉〈X2X3〉

+ 〈X2〉〈X3〉〈X1X4〉〈X2〉〈X4〉〈X1X3〉 + 〈X3〉〈X4〉〈X1X2〉

C3 = 〈X1〉〈X2〉〈X3〉〈X4〉.
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Upon substitutingu′ andw′ for their correspondingX1,X2,X3, andX4, assuming
that the fourth cumulant〈〈X1X2X3X4〉〉 is zero, noting that〈u′〉 = 〈w′〉 = 0, and
after some algebra, the following relations are derived:

〈w′4〉 = 3〈w′2〉2

〈w′3u′〉 = 3〈w′2〉〈u′w′〉
〈w′2u′2〉 = 〈w′2〉〈u′2〉 + 2〈u′w′〉2

〈w′u′3〉 = 3〈u′2〉〈u′w′〉
〈u′4〉 = 3〈u′2〉2.

These relations are tested in Figure 3 for all six levels.
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