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Abstract

An approximate analytical model was developed to estimate scalar ¯ux footprint in thermally strati®ed atmospheric surface layer

¯ows. The proposed model was based on a combination of Lagrangian stochastic dispersion model results and dimensional analysis.

The main advantage of this model is its ability to analytically relate atmospheric stability, measurement height, and surface

roughness length to ¯ux and footprint. Flux estimation by the proposed model was in good agreement with those calculated by

detailed Eulerian and Lagrangian models. Measured water vapor ¯uxes collected along a downwind transect of a transition from a

desert to an irrigated potato site were also used to assess the proposed model performance in the ®eld. It was found that the model

well reproduced the measured ¯ux evolution with downwind distance. Ó 2000 Elsevier Science Ltd. All rights reserved.

1. Introduction

Scalar ¯ux footprint estimation continues to be a
practical research problem in surface hydrology and
boundary layer meteorology [4,11,14,23,27]. Such an
analysis is commonly used to quantify the contributing
source areas to scalar ¯ux measurement or to examine
adequate fetch requirements. Both Eulerian analytical
models [6,8] and Lagrangian stochastic dispersion
models [5,12,16] with varying degrees of complexity
have been used to investigate the relationship between
scalar ¯ux and its source areas.

For example (as early as 1986), Gash [6] developed a
simple model for footprint calculation for neutral at-
mospheric conditions. Later, Horst and Weil [7,8] pro-
posed an Eulerian analytical model that is capable of
incorporating atmospheric stability, albeit the model
treatment of atmospheric stability e�ects on fetch is not
explicit. Leclerc and Thurtell [16] ®rst applied a La-
grangian particle trajectory model to examine ``rule of
thumb'' fetch requirement and found that the ``100 to 1
fetch-to-height ratio grossly underestimates fetch re-

quirements when observations are carried out above
smooth surfaces, in stable conditions, or at high obser-
vation level''. These calculations highlight the important
roles of measurement height, surface roughness, and
atmospheric stability on footprint estimation. Finn et al.
[4] examined the performance of Eulerian [7,8] and La-
grangian [16] models for estimating footprint. They
concluded that while Eulerian models are easier to im-
plement, they should be used with caution over rough
terrain. In short, despite all such advancements, none of
the existing models explicitly describes the relationship
between footprint, atmospheric stability, observation
height, and surface roughness.

The objective of this study is to develop an approxi-
mate analytic expression, analogous to Gash [6], that
accurately describes the relationship between footprint,
observation height, surface roughness, and atmospheric
stability. For this purpose, similarity theory (dimen-
sional analysis) in conjunction with the Lagrangian
stochastic dispersion model [25] simulation outputs are
used to construct the relationships among parameters
(i.e., ¯ux, fetch, atmospheric stability, surface rough-
ness, and observation height) and to develop the model
framework. Comparisons with existing Lagrangian and
Eulerian models are also performed. The model is
also ®eld-tested using water vapor ¯ux measurements
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collected along a progression of distances downwind
from the transition of a desert to an irrigated potato ®eld.

2. Methods

In this section, a brief review of the Eulerian analyt-
ical models proposed by Gash [6] and Horst and Weil [8]
and the Lagrangian particle trajectory model of Thom-
son [25] is provided. A discussion on the performance of
the proposed model is then presented.

2.1. Gash [6] analytical model

Footprint describes the relative contribution of each
upwind surface source, per unit source strength, per unit
element, to the measured scalar ¯ux. Mathematically,
¯ux and footprint are related by

F �x; zm� �
Z x

ÿ1
S�x�f �x; zm� dx; �1�

where F is the scalar ¯ux, f the footprint, S (g mÿ2 sÿ1)
the source strength (or termed as surface ¯ux), zm the
measurement height, and the mean wind direction is
along the horizontal coordinate, x. Consider a homo-
geneous velocity ®eld with scalar source strength de-
scribed as

S�x� � 0 for x < 0;
S0 for x P 0:

�
�2�

Gash [6] used Calder's [3] solution for the advection±
di�usion equation in a neutral atmosphere and a uni-
form mean wind ®eld, Uu, to derive

x � ÿUuzm

ku�

1

ln�F =S0� ; �3�

where x is the fetch requirement (downwind distance) to
achieve the desired normalized ¯ux, F/S0, u� the friction
velocity, and k �� 0:4� is von Karman constant. In (3),
Uu is de®ned as

Uu�zm� �
R zm

z0
U�z� dzR zm

z0
dz

� u�
k
� ln�zm=z0� ÿ 1� z0=zm�; �4�

where U(z) is the mean wind velocity under neutral
condition and is estimated from Monin±Obukov simi-
larity theory (MOST [15,24]), and z denotes height. By
rearranging (3), we have

F �x; zm�=S0 � exp

�
ÿ Uuzm

ku�x

�
�5�

for describing the relationship between ¯ux and fetch.
Now, using (1) and (5), we can then estimate footprint
by

f �x; zm� � 1

S0

dF �x; zm�
dx

� Uuzm

ku�x2
exp

�
ÿ Uuzm

ku�x

�
�6�

for neutral atmospheric conditions.

2.2. Horst and Weil [8] analytical model

With the analytical model for cross-wind-integrated
concentration distribution [10,26],

C�x; z� � AQ
zpUp

exp
ÿÿ �z=Bzp�r

�
; �7�

Horst and Weil [8] derived

f �x; zm� � dzp

dx

� �
zm

z2
p

U�zm�
Up�zp�A exp

ÿÿ �zm=Bzp�r
� �8�

for estimating the footprint, where A and B are coe-
�cients de®ned as A � rC�2=r�=C2�1=r� and B �
C�1=r�=C�2=r�, C the gamma function, Q is line source
strength (g mÿ1 sÿ1), zp the mean plume height for
dispersion from a surface source, Up the plume advec-
tion velocity, and r is a concentration pro®le shape
factor. Details for implementing (8) are described in
Appendix A.

In the Horst and Weil model, there is no analytical
solution for the ¯ux; hence, the ¯ux is calculated by
solving (1) numerically.

2.3. Lagrangian stochastic dispersion model [25]

The Lagrangian stochastic dispersion model is based
on the assumption that the evolution of position and
velocity of a ¯uid element is described by a Markov
process.

Basic concepts, details, and many references can be
found in [21]. For surface layer dispersion calculation,
the horizontal turbulent intensity is typically small so
that the evolution of the particle position in the x di-
rection is generally calculated as [16,18,19]

xn�1 � xn � U nDt; �9a�

and the evolution in the z direction is expressed as

zn�1 � zn � wnDt; �9b�

where the superscript n denotes the nth time step, w the
instantaneous particle velocity along the z direction, and
Dt is the discrete time interval. By the Markov process
assumption, the evolution of w can be expressed by

dw � a�z;w; t� dt � b�z;w; t� dk: �10�

In (10), a is the drift coe�cient, b the random acceler-
ation coe�cient, and dk is a Gaussian random variable
with zero mean and variance dt. For stationary and
inhomogeneous Gaussian turbulent ¯ows, by the well-
mixed criterion [25] and energy conservation, the unique
solutions for a and b are:
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a �ÿ �wÿ W �
tL

� 1

2

or2
w

oz
1

 
� �wÿ W �2

r2
w

!

� 1

2

or2
w

oz
W �wÿ W �

r2
w

� �
� oW

oz
�W � �wÿ W ��; �11�

b � 2r2
w

tL

� �1=2

; �12�

where W, the mean Eulerian vertical velocity, is zero in
the atmospheric surface layer, r2

w the Eulerian vertical
velocity variance, and tL is the Lagrangian decorrelation
time scale. By releasing a large number of particles
and using (9a)±(12), and upon specifying the Eulerian
velocity statistics pro®les and Lagrangian time scale (see
Appendix B for details), particle trajectories can be
computed, and subsequently, the scalar ¯uxes and
footprint. The scalar ¯ux, F, at the point �x; zm� is cal-
culated as

F �x; zm� � S0

N
�n" ÿ n#�; �13�

where n" and n# are the number of particles which reach
the height zm at position x with upward and downward
vertical velocity, respectively, and N is the total number
of particles released. The footprint, f , is then calculated
from

f �x; zm� � 1

S0

dF �z; zm�
dx

:

2.4. Proposed model

From previous model results [8,12,18,22], the fetch
(x) is a function of F, zm, z0, and the atmospheric
stability parameter (zm/L), where L is the Obukhov
length (see Appendix A for de®nition). From (3) and (4)
zm and z0 can be combined to form a new length scale,
zu, de®ned as

zu � zm� ln�zm=z0� ÿ 1� z0=zm�:
Hence, we have three characteristic length scales: x, L,
and zu for the dimensional analysis. With L as the key
variable, we propose the following two dimensionless
groups (Pi groups [20,24]) and write

x
L
� f

zu

L

� �
: �14�

Using Thomson's [25] Lagrangian model mentioned
above, we calculated the 90% ¯ux fetch requirements
(i.e., the x values for reaching F =S0 � 0:9) for a wide
range of zm, z0, and L values. The 90% ¯ux fetch re-
quirement is the needed downwind distance, x (from the
transition), for the measured ¯ux, F �x; zm�, to present
90% of the surface ¯ux, S0. In our calculations, zm

ranges from 2 to 20 m; z0 ranges from 0.01 to 0.1 m; L
ranges from )0.1 to 50 m. Fig. 1(a)±(c) shows how x=jLj

varies with zu=jLj for unstable, neutral, and stable at-
mospheric conditions, respectively. From Fig. 1(a)±(c)
and in accordance with (3), we can express x=jLj as

�x=jLj� � ÿ1

k2 ln�F =S0�D�zu=jLj�P ; �15�

where D and P are similarity constants. By applying
regression analysis to the results in Fig. 1(a)±(c), we
found:

In [13], near neutral conditions was speci®ed for
jz=Lj < 0:04. Here we used a more restricted criterion
for near neutral condition with jzu=Lj < 0:04 �� jz=Lj
< 0:02�. (Note: The relationship between zu=L and z=L is
not linear.) Rearranging (15), the ¯ux can be estimated
by

F �x; zm�=S0 � exp
ÿ1

k2x
DzP

u jLj1ÿP
� �

�16�

and the footprint by

f �x; zm� � 1

k2x2
DzP

u jLj1ÿP
exp

ÿ1

k2x
DzP

u jLj1ÿP
� �

: �17�

D� 0.28; P� 0.59 for unstable condition,
D� 0.97; P� 1 for near neutral and neutral

conditions,
D� 2.44; P� 1.33 for stable condition.

Fig. 1. (a) Scatter plot of x=jLj versus zu=jLj for unstable conditions

(top panel); (b) same as (a) but for neutral conditions (middle panel);

(c) same as (a) but for stable conditions (bottom pane1).
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For neutral conditions, the proposed model reduces to
Gash's [6] analytical model with D � 0:97, which is very
close to Gash's analytical value, unity. Upon di�eren-
tiating F �x; zm�=S0 with respect to L, we obtain

1

S0

dF
djLj �

ÿ1

k2x
�1ÿ P �DzP

u jLjÿP
exp

ÿ1

k2x
DzP

u jLj1ÿP
� �

;

�18�
which describes the ¯ux sensitivity to a unit change in
the Obukhov length. Di�erentiating (17) with respect to
x and setting the resultant equation to zero, we obtain

x � DzP
u jLj1ÿP

2k2
; �19�

which permits explicit estimation of the peak location of
the footprint as a function of atmospheric stability and
zu. Eqs. (16)±(19) constitute our proposed model for
footprint analysis.

3. Model comparisons

The models of Horst and Weil [8], the Lagrangian
stochastic dispersion model [25], and our proposed ap-
proach for estimating ¯ux and footprint were contrasted
for neutral, unstable, and stable atmospheric conditions.
For neutral conditions, Gash's [6] model was also con-
sidered. A comparison between the proposed model
calculation and ®eld measured water vapor ¯ux evol-
ution with downwind distance over a potato site were
then discussed.

3.1. Flux and footprint model comparisons

Fig. 2(a) shows a typical comparison among these
models for estimating ¯ux as a function of fetch for
unstable condition, where zm � 4 m, z0 � 0:04 m,
L � ÿ50 m. In Fig. 2(a), good agreement is noted
among all these models. Fig. 2(b) is the same as Fig.
2(a), but for footprint estimation. Fig. 2(b) shows that
the locations of the peak footprint estimated by all three
models are reasonably close. Fig. 3(a) and (b) are the
same as Fig. 2(a) and (b), respectively, but for neutral
condition. All models compared well with each other in
both ®gures. This agreement also demonstrates that
Gash's [6] simple model is very reliable in neutral ¯ows
when compared to the more detailed models such as
those of Horst and Weil [8]. Fig. 4(a) and (b) shows the
same comparisons as Fig. 2(a) and (b), respectively, but
for stable condition, where L� 100 m. Again, there is
good agreement among these models. While footprint
peak locations estimated by these models are in close
agreement, the magnitudes of the peaks are somewhat
di�erent. These di�erences are neither surprising nor
critical since scalar ¯ux magnitude around the peak lo-
cation changes rapidly within a short distance. In these

Fig. 2. (a) Comparison between ¯ux estimated by the models of Horst

and Weil [8] (closed circles), Thomson [25] Lagrangian stochastic (open

squares), and the proposed (open circles) as a function of fetch under

unstable condition, where zm � 4 m, z0 � 0:04 m, L � ÿ50 m (top

pane1); (b) same as (a) but for footprint (bottom panel).

Fig. 3. (a) Same as Fig. 2(a) but for neutral condition. Prediction by

Gash's [6] model (plus) is also shown (top panel); (b) same as Fig. 2(b)

but for neutral condition. Prediction by Gash's [6] model (plus) is also

shown (bottom panel).
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calculations, the height-to-fetch ratios are about 1:100,
1:250, and 1:300 for unstable, neutral, and stable con-
ditions, respectively, as shown in Figs. 2(a), 3(a) and
4(a). These results are consistent with those of Leclerc
and Thurtell [16].

Of interest is the fetch-to-height ratio, commonly
determined from the 90% constant ¯ux layer, where the
¯ux measurements vary within 10% with height. By
setting the value of F/S0 in (15) to be 0.9 and rearranging
the equation, we can express

x
zm

� D
0:105k2

zÿ1
m jLj1ÿP zP

u �20�

to calculate such fetch-to-height ratio analytically. From
(20), it is obvious that the fetch-to-height ratio changes
with measurement height, surface roughness, and
stability.

Using (18), Fig. 5 shows how ¯ux changes with a unit
change in L at di�erent fetches (x) as a function of at-
mospheric stability, where zm � 4:0 m and z0 � 0:04 m.
Notice that if the measurement is carried out far away
from the leading edge, then the measured ¯ux changes
less with stability changes.

Of practical importance is the estimation of contrib-
uting source area to a speci®ed measurement level. Us-
ing (19), Fig. 6 shows the peak location of the footprint
for di�erent measurement heights as a function of at-
mospheric stability, where z0 � 0:04 m. It is obvious that

for very unstable conditions, the more co-located the
peak location is to the measurement point.

3.2. Field testing

Field testing of these footprint models by single point
measurements has been conducted by many investiga-
tors [4,12]. Here we test the proposed model with ®eld
measurements along a progression of distances down-
wind a transition from a desert to a potato ®eld. A brief
description of this experiment is presented below; details
can be found in [1].

The experimental site was an irrigated potato ®eld,
which was surrounded by a desert and an Alfalfa patch.
The crop was irrigated frequently to make sure that the
crop did not su�er any water de®cit. The surface
roughness height was 0.005 m for the desert and 0.05 m
for the potato ®eld. A stationary eddy-covariance sys-
tem set at 800 m downwind from the transition was used
to measure turbulent ¯uxes of momentum, sensible heat,
latent heat, and CO2 above the potato ®eld. A mobile
eddy-covariance system was used to measure these ¯uxes
along a progression of distances, 1, 38.4, 72, 91, 136, and
295 m, downwind from the transition. Both systems

Fig. 5. Flux change, �1=S0��dF =djLj�, at di�erent fetches (x) as a

function of atmospheric stability, where zm � 4:0 m and z0 � 0:04 m

for x � 100 m (plus), x � 500 m (open circles), and x � 1000 m (open

squares).

Fig. 4. (a) Same as Fig. 2(a) but for stable condition, where L � 100 m

(top panel); (b) same as Fig. 2(b) but for stable condition, where

L � 100 m (bottom panel).
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were set at 4 m above the ground and all the data were
normalized by the measurements from the stationary
system. Field measurements and predictions from a
second-order closure model [1] for scalar transport
showed that the air was in equilibrium with the potato
site at the position of the stationary system. Field
measurements also showed that the velocity statistics
equilibrated with the potato site over a very short dis-
tance from the leading edge. Hence, in a ®rst-order
analysis of scalar transport, the velocity statistics are
assumed to be planar homogeneous.

At this site, the surface ¯ux upwind is not zero and (2)
is not directly applicable. Here the source strength is
simply approximated as

S�x� � S1 for x < 0;
S2 for x P 0;

�
�21�

where the leading edge is at x � 0 and S1 and S2 are
determined from the measured ¯uxes at x � 1 m and
x � 800 m, respectively. By superposition, we can cal-
culate the ¯ux using

F �x; z� � S1

Z ÿx

ÿ1
f �x; z� dx� S2

Z x

0

f �x; z� dx: �22�

In (22), for x! 0, F �x; z� ! S1; for x!1, F �x; z� ! S2.
Using (17), (21) and (22), Fig. 7 shows the variation of
water vapor ¯ux with fetch (downwind distance) above
the potato site; the solid line denotes the proposed model
predictions; the dots denote ensemble-averaged eddy-
covariance measurements. In Fig. 7, the predicted water
vapor ¯ux variation compared reasonably well with the
observation. In this ®eld experiment, the air water vapor
concentration increases with distance downwind the
transition; thus, the surface water vapor ¯ux will de-
crease with distance from the interface. Hence, the real
source strengths (surface ¯uxes) along the downwind
distance from the discontinuity are stronger than the
simple approximation in (21). This perhaps explains why
the observed ¯uxes increase more rapidly downwind of
the interface than the model prediction.

4. Conclusion

An approximated analytical model to estimate foot-
print as a function of atmospheric stability and the
length scale zu was proposed and ®eld-tested. This
model is based on dimensional analysis and output re-
sults from a Lagrangian stochastic dispersion model.
The model performance is comparable to detailed
Eulerian and Lagrangian models. Also, good agreement
between measured and model predicted water vapor ¯ux
evolution with downwind distance over a potato site was
demonstrated.
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Appendix A. The model of Horst and Weil [8]

To implement (8) for footprint analysis, Up (zp) and
the relation between x and zp are needed. With zp cal-
culated by the Lagrangian similarity equation [26]

dzp

dx
� k2

ln�pzp=z0� ÿ wm�pzp=L�ÿ �
/h�pzp=L� �A:1�

and Businger±Dyer [2,15] formulas for the stability
correction function for velocity (wm) and heat (/h)
pro®les, Horst and Weil [8] derived

x
z0

� W�zp� ÿW�z0�: �A:2�

In (A1), L is the Obukhov length de®ned as

L � ÿu3
�T

kghwhi ; �A:3�

where g �� 9:8 m sÿ2� is the gravitational constant, T
the mean air temperature (in K), h the temperature
¯uctuation, and h i denotes averaging. The functions in
(A.1) and (A.2) are de®ned as:

/h � �1� bz=L�; �A:4�
Wm � �ÿbz=L�; �A:5�

W�z� � 1

k2

z
z0

ln�pz=z0�f ÿ 1� bpz=L�1=4� bpz=�3L�
� �1=2� ln�pz=z0��g �A:6�

for z=L P 0 and

/h � �1ÿ az=L�ÿ1=2
; �A:7�

Wm�y� � 2 ln��y � 1�=2� � ln��y2 � 1�=2�
� 2 tanÿ1 ��1ÿ y�=�1� y��; �A:8�

y � �1ÿ az=L�1=4
; �A:9�

W�z� � 1

k2

2jLj
apz0

y2
p ln pz=z0� �ÿn

ÿ wm yp

ÿ ��
� 2 tanÿ1 �yp� � ln yp

ÿÿ � 1
�
= yp

ÿ ÿ 1
��

ÿ 4yp

o
; �A:10�

yp � �1ÿ apz=L�1=4 �A:11�
for z=L < 0. Note (A.10) is derived by Horst and Weil
[9].

The plume advection velocity, Up, is calculated as

Up�Z� � u�
k
� ln�cz=z0� ÿ wm�cz=L��: �A:12�

The constants in the model of Horst and Weil are:
a � 16, b � 5, p � 1:55, and c � 0:66, r � 2 for z=L < 0;
c � 0:63, r � 1:5 for z=L � 0; c � 0:56, r � 1 for
z=L > 0:

Appendix B. Lagrangian stochastic dispersion model

To drive the Lagrangian model, the pro®les of Eule-
rian velocity statistics and Lagrangian time scale need to
be speci®ed a priori. By MOST [15], the horizontal mean
wind pro®le, U(z), is calculated as

U�z� � u�
k
� ln�z=z0� ÿ wm�z=L��; �B:1�

where Wm is taken as (A.5) for z=L P 0 and (A.8) for
z=L < 0, and the vertical velocity standard deviation
pro®le, rw , is expressed as

rw � 1:25u��1ÿ 3z=L�1=3
for z=L < 0; �B:2�

rw � 1:25u� for z=L P 0: �B:3�
The Lagrangian time scale, tL, is estimated as

tL � kzu�
/hr2

w

�B:4�

to match the dispersion coe�cient given by K-theory
[17]. The discrete time interval, Dt, is set to be 0.1tL.
Here /h is estimated by [12]:

/h � 0:32�0:037ÿ z=L�ÿ1=3
for z=L < 0; �B:5a�

/h � 1� 5z=L for z=L P 0: �B:5b�
In the Lagrangian model, surface roughness height,

z0, is set as a re¯ection boundary. Tracer particles
reaching this boundary are perfectly re¯ected [28].
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